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SOME NUMERICAL APPLICATION OF THE PSEUDOINVERSES

Alina PETRESCU-NITA

“Politehnica” University of Bucharest, Depart. of Mathematics, Romania,
E-mail: al i na. petrescu@pb.ro

Abstract. After an introduction that recalls the Lagrange interpolation and the Gauss regression, in §2
we introduce what can be called the cylinders and the cones of regression, that indicate the data trend.
The main result of this paper is presented in §4, as an application of the pseudoinverses of matrices,
namely an algorithm to determine a geometrical pattern which is the nearest to a finite set of points,
which can be interpreted as observation points.
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1. INTRODUCTION

It is well-known the role either of the interpolations or of the regression curves in processing numerical
data, in order to fit a given set of points in a plane and to get some suggestive predictions regarding the trend
of those data. This paper treats such problems.

We present now some known notions and results following [2, 3, 5].

Fix integers n > 1, » > 1 and a commutative field K of characteristic zero (e.g. K = QR C,R(X)). Let

K.[X,,...,X,] be the vector space of all polynomials in » in determinates, of degree at most r, with

coefficients in K. Recall that a finite subset 4 ={a,,a,,...,ay} < K" is a Lagrange set of degree r if for any
data b,,...,b, € K, there is a unique polynomial Pe K, [X,,...,X,] such that
P(a,) =by, forany 1 <p<N. (1)
Explicitly, if Pzz chlil X g=(,..0i), qET, c, €K andif a, =(aL,...,aZ), then (1)
q
becomes Z cq(ai,)i1 ...(aZ)i” =b, . The number of coefficients c,, as well as indices g =(i,...,Z,) with
q

q’

n+r

lql=i,+...+1,<r, is ( j; all of them could be ordered lexicografically. Therefore, a necessary

n

n+r
condition for 4 to be Lagrange of degree r is | A |=( J, that will be supposed in what follows. The
n

property of 4 to be Lagrange is generic (that means it takes place almost everywhere); indeed, the square

matrix D=(d,,), where d, =(a,)"...(a})"; 1< p<Nand ¢=(i,...,i,) is nonsingular almost every-

where. On the other part, if we denote by L,,...,Ly the polynomials of degree at most » such that
N

Li(a;)=39,; forany i,/, then for any table of data (1), the solution of the interpolation problem is = prLp ;
p=1

the polynomials L, form a basis of the linear space K,[X,...,X].
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Examples 1.1.

DIfn=1,r>1,then N=r + | and any set 4=1{q,,a,,...,a,,,} is Lagrange of degree r (since the
matrix D is Vandermonde, hence nonsingular). For any table (1), through the distinct points (a,,b,),

1< p<r+1, passes the graph of the classical Lagrange polynomial of degree < r.

1
2) In the case n =2, a Lagrange set of degree » has N =E(r+ I)(7+2) elments. If »=1, then N =3 and

a triangular plate {a,,a,,a;} is Lagrange iff the vertexes a,,a,,a; are not colinear; if » = 2, N = 6 and
hexagonal plate {a,,a,,...,as} is Lagrange iff its vertexes are not situated on the same conic.

In the case n = 1, the Lagrange interpolation allowed some remarkable formulas, e.g. the Shannon
sampling theorem well known from the signal theory. For n > 2, the Lagrange interpolation is too rigid and
moreover, whenever to a Lagrange set 4 one adds a new point « , it is difficult to get conditions to 42U {o}

to be Lagrange. Some shortcomings of the Lagrange interpolation, e.g. Runge phenomenon, were repaired by
use of spline-functions. Gauss relaxed the rigid conditions like (1); in the case n = 1, he changed the point of
view. Instead to require a polynomial curve passing through the ,observation points” M ,(a,.b,),

1< p<r+1, he proposed to find a family of curves y = @(x,A,,...,A,,) with M parameters and to determine
the values x‘{,...,xOM such that the corresponding curve ,lies near” all together points M,. This was the

beginning of the I* — technics (“least squares method™), see [2, 4].

2. CURVES AND SURFACES OF REGRESSION

In what follows, we will suppose that K =R. Gauss replaced the condition (1), i.e.
®(a,,\ys..hy ) =b, for 1< p<r+1 (an incompatible or overdetermined system), by the condition that all

the differences ¢, =(a,,A,,...,A, ) —b, to be ,simultaneously small”. The most convenient for this is the

M
sum Z 8; to be minimum (not the sum of all ¢, or |¢, | to be minimum). Therefore, we have to determine
p=1
7+l

A, g such that g(kl,...,kM)=Z((p(xp,kl,...,kM)—yp)2 is minimum. Supposing ¢ of class C% the
p=1

necessary condition is: :Tg =0, 1<k <M . Under that hypothesis this system has a solution (A!,...,A°,),
k

the corresponding curve T':y=o(x,A,...,A,) is called the regression curve which ,mediates” among the

observation points M,,...,M,,,; see, for exemple, [3, 5].

Examples 2.1.
If y=A,x+2,, one obtains the classical Gauss regression right-line; in this case,

r+l

{E Z(klxp +2, _yp)2
p=1
g _ g _ : : 0 40 : : _ 10 0
and the system VT 0 has a unique solution (A;,A,). The right-line y =A,x+A, passes between
1 2

and not through the points M ,, 1< p<r+1 and indicates the trend of the respective data. If we add new
values a, at the set 4, one obtain some predictive values b, ; for this reason, the term of “regression” is
somehow unfortunate and it could be replaced by that of “progression” or “prediction”.

We now change the point of view and consider a set 4=1{a,,a,,...,ay} of points a, = (a;,...,a;)

from R", assimilated to “a cloud” of n —dimensional data, called points of observation (or surveillance). We
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introduce two sugestive notions: cylinders and cones of regression circumscribed to the date cloudes,
suggested from [5] Fig. 1.

Fig. 1

For any direction & of versor p=(p,,...,p,), one can consider the cylinder I, parallel to 6 and

n

. . . . .oX =\ x, —A
circumscribed to 4 ; for this, take a right line ~—1 =, ===

P1 pn
pr(x, =X —p(x, =A;)=0,2<k<n.

, with n — 1 equations:

The fact that the points a,(1< p < N) are simultaneously small near A means that all

& =P () =2 ) —p (x{ —hy)

are simultaneously small, i.e.

(p(}\‘lﬂ"”;\‘n)zz Z [Pk(xlp_M)_pl(x/f_}‘k)]z

p=l k=2

L o 0 .

is minimum. From the necessary conditions k) , 1<k<n, one get A,...,A,, by making use of the
k

pseudoinverses of the correspoding matrices. Similarly, one can determine a cone with the vertex ¢,,...,c, by

, such that the right line N6 _HT6 A TC
1 *, »

relatively to the set 4; thus, all the differences A, (x, —¢;)—(x, —¢,) are simultaneously small, hence the

determining parameters A,,...,A “ is optimal

n

N n
function y(A,,...,A,) = A, (xf —¢,)—(xX —c,)] is minimum.
p=1 k=2

3. ON THE PSEUDOINVERSE OF MATRIX

Fix a matrix A€M, ,(R) not necessarily square. For a given matrix Be M, ,(R), Penrose has
applied Gauss idea and instead of solving the linear system A-X =B, he proved that there is a column
vector A =(\,,...,A,)" such that the norm || A- A —B|| is minimum. Moreover, there exists and is unique a
matrix 4" € M, ,(R), called the pseudoinverse of A , such that A= A"-B.If k = n and 4 is nonsingular,

then A" =A4" (the usual inverse); if k < n and rank 4 = k, then A" = A" -(4-A4")"; see [7], [8]; for some
other applications of the pseudoinverses see [1].

Examples 3.1.

Suppose that 4 A€ M, (R) is positively defined, Be M, (R), be M, (R) and k > 0 a scalar. Put

the problem to minimize the functional J:R” >R , J(X)=X"-A+kX"-4-X, with the restriction
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B-X=b. So, J(X)=X"-(I,+kA) and since |,+kA is positively defined, there exists an inferior
triangular matrix C such that | +kA4=C-C" . By denoting Y =C 7. X, it follows that
JX)=x"-c.c"-x=Y".v=Y|.

Thus, we have to minimize || Y || with a restriction by the form D-Y =b;hence Y=D"-b.

Let us now fix an open set U c R” and an integer k > 1. For a map f:U — R* of class C'(U),
/s
ox

1< j<n.The most important case is k <7, when a point x € U is called regular if rank J,(x)=k . We will

f=0f,....f,)" and for any point xeU, we consider the jacobian matrix Jf(x):(
J

j; 1<i<k,

call geometrical pattern any set of type I'= £7(0),i.e. T={xeU| f,(x) =0,..., f,(x) =0}, or finite unions

of such sets of points, supposed regular. These sets generalize alike plane curves, surfaces, hypersurfaces and
differentiable manifolds; see [9].

IfaeU a=(a,...,a, )T is fixed (,,point of observation”) and I" is a geometrical pattern as above,
following [5; 10]. We define the distance

O(a,I') =|| J_,-(a)+ - f(a)]| (euclidian norm).(2)

Justification. Take k=1 and c¢=(c,,...,c,)" anonnull constant vector. If f(x)= Z ¢;,X;, then for any

i=l1

If p=a-J;(a)"-f(a), then

aeR", f(a)=c"-a, hence J(@)=c" and Jf-(a)+=|| CH2.
. A B

(c=c"-a). Thus f(p)=c"-p=0 and the vector a—p is normal to the hyperplane

p=a- B
el

I = £7'(0). To conclude with, 8(a,I") =||a— p||, as expected (Fig. 2).

e

Fig. 2

PROPOSITION 1. Suppose that 1<k <n. Let acU be a regular point for a map f:U —R" of
class C'(U). If T'= f7'(0), J=J (a) and K=J-J", then 8(a,T)=(f(a)" - K" f(a))'*.

Proof. The rank of the matrix J is k, maximum; thus, K is nonsingular. Moreover, J* =J" -(J-J")™".
Then by (2),

8(a,D) =" f(@)|P=(J" - f(@),]" - f(@) = f(@) -(J)-J" - f(a)=
=f(@)"(J- )T I (I f(a).

Since J-J"-(J-J")" =1, it will follow that 8(a,T)> = f(a)" -(J-J") " f(a) = f(a) -K™"- f(a).
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4. GEOMETRICAL PATTERN OF REGRESSION

Let U cR" be an open set and 4 ={q,,...,ay} U be a finite set of points of observation. Let

f:U—>R", 1<k <n be a function of class C' such that the points aj,...,a, are regular. For ' = f7'(0),
define the “distance” [10]

N
3(AT)=), 8a,.1). 3)

p=l

The main goal of this paper is fo determine a suitable function f which minimize 8( A,T") ; see fig. 3.

Fig. 3

Such a problem could have applications in Pattern Recognition, Robotics and Computer Vision [5].
The proposed solution is not unique and requires supplementary conditions. Our approximative solution
applies the Gauss idea, by checking the unknown f in a parametrized family of functions, that could be
polynomials or spline-functions.

Let A=R"Y be an open subset in a space of parameters and F:U xA — R" bea map such that for any
reA, kz(kl,...,kM)T, F determines a function of class C', f:U—>R" x F(x,)). Suppose that
there is a bijective correspondence between these functions and parameters. This is the case of polynomial
n+d

functions of degree < d, where A=R" and M :[
n

j , as shown in §1; in that case, the function &(A4,I")

becomes a function of coefficients of the polynomials. In the case of linear dependence of parameters, one
can impose some suplementary relations between parameters, without modifying solution. We will put the
following condition :

N
D @) J @) =1, @)
p=l1

Since the matrixes J,(a,)-J f(ap)T are symetrical, positively semi — definite and nonsingular (to

points a, being regular for f), they are in fact positively definite. The same thing is valid for the matrix

N

C= z J/(ap)-Jf(ap)T hence there is an orthogonal matrix Q € M, (R) such that Q" -C-Q =1, and Qf
p=1

will satisfy (4). Suppose now that the points of observation a,...,a, are ,sufficiently near” of I, in the

N
sense that 8(a,,I') =[la, || , for any p. According to (3), 6(A4,I) = Z la, |I>. Finally, it is reasonable to
p=l1

assume that there are  linearly independent functions @,,...,¢, :U — R* of class C*(U), such that the

unknown f =(f;,...,f,)" of the problem is a linear combination of them. Thus, f; =z Py, 1<i<k,
J=1

where p; are real numbers to be determined. Matricially, f =P".¢p, where P=(p;)eM (R). The
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N
problem reverts to find the function f (i.e. P ), such that the sum ZH f (ap)||2 is minimum, with the
j=1

N N N
restriction (4). In this case, Y || f(a,)IF=) f(a,) - f(a,)=> ¢(a,) -P-P'¢(a,)=tr(P"-4-P),
Jj=1 j=l J=1

N
where 4= Z ¢(a,) o(a, )’ e M, (R) is a symmetrical and positively semi — definite matrix. On the other
j=1

hand, Jf(ap)-Jf(ap)T =pr -J(P(ap)-J(p(ap)T -P; moreover, by putting B:i J(P(ap)-J(p(ap)T, the
=

matrix B e M, (R) is known and the condition (4) becomes P" -B-P =1, . One can assume that the matrix

P".A4-P is diagonal [indeed, it is symetrical and positively semi — definite, hence there is an orthogonal

matrix Be M, (R), ie. 0-Q" =1, such that (Q")-(P"-4-P)-Q is diagonal, moreover, tr(P" - 4-P)=

=tr(P-Q)" - 4-P-Q) and much more, P’ -B-P =1, iff (P-Q)" -B-P-Q=1, . As such, P can be replaced

by P-Q]. It remains to apply the following result from linear algebra [3, 10].

The above results can be synthesized in the following, algorithm for solving the already formulated
problem ( see also [9]).

PROPOSITION 2. Let U < R" be an open set and A={a,,....,ay} U be a finite set of observation
points. In order to determine a function f:U — R* such that the geometrical pattern f~'(0) is the nearest
to the set A do apply the next steps:

Step 1. Choose r linear independent functions ¢, :U < R*, 1<i<r ofclass C*(U).

N N
Step 2. Determine the matrices 4,Be M, (R), 4 =z (p(ap)-(p(ap)T and Bzz J(p(ap)-J(p(ap)T,
p=l1 p=1
where ¢ =(¢,,...,,)" .

Step 3. Consider k proper versors X,,...,X;, of the sheaf A—aB and P=(x|...|x,) verifies the
relation P'-B-P=1,.

Step 4. The components fi,..., f;, of the checked function are linear combinations of the functions

Qy,...,0, ; more exactly, (f,...,f;)=(¢,...,9,).P.

Note. As soon as the matrices 4 and B are determined after choosing ©,, the algoririthm requires

O(r*) operations.

5. CONCLUSIONS

Lagrange interpolation and the Gauss regression are widely used in processing numerical data. In the
same time, an important problem is to fit a given set of points and determine a regular geometrical object
which is the nearest to some points of observation, (in the sense of a distance defined in terms of the
pseudoinverse of jacobian matrices). In this paper we propose such an approach and suggest that this
geometrical object could be used to follow the time evolution of the information near the set of observation
points. It remains to be seen if this construction is stable and feasible for applications. An algorithm to
minimize the distance is formulated in Proposition 2.
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