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Abstract. A hybrid logic algorithm is presented for extending the control of a cooperatively robotic 
system by including uncertain input conditions and the hard and soft stops. The method can be used in 
surgical interventions where the robot and the physician are working with the same surgical tool. The 
results show that the algorithm improves the trajectory tracking performance and preventing the 
surgeon-tool r to cross the critical boundaries and to move towards undesirable directions. 
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1. INTRODUCTION 

Hybrid systems are dynamic systems with discrete and continuous repetitive evolutions described by 
differential equations with discrete and continuous transient interactions [1, 2]. The discrete transitions are 
instantly changes in the system, while the continuous transitions are subjected to restrictions raised from the 
superposition between continuous dynamics and discrete control. The hybrid system integrates three 
components: the continuous behavior of the surgical instrument, the discrete robotic interventions and the 
control of the surgical tool-tip motion. 

The control of a hybrid system is provided by the dynamic differential logic algorithm (dL) [3–10]. 
This control is concentrated on the avoiding collisions with the critical boundaries Γ  which surround a safe 
work area Ω  defined ab initio. 

The paper discusses the control the cooperation between the surgeon and the robot during surgical 
procedures of the liver tumours. The hybrid algorithm is designed to prevent the tool-tip (SI) to reach and 
cross one or more critical boundaries of Ω . Usually, the surgeon manipulates freely the surgical tool in Ω  
without robotic interference, but, when SI, originally located at the distance d  to Γ , reaches a critical area 
of all points located to a distance D d<  from the critical border, the robot starts to attenuate the speed of 
the SI proportionally to D . The D D d< <  denotes the distance from which the SI begins to stop softly, to 
avoid the shocks (Fig. 1). 

The control algorithm corrects the movement of SI through hybrid discrete and continuous logics for 
different inputs. A system with analog equipment is described by continuous mathematics, while a system 
with software devices that processes the data, is described by discrete logic programs. A hybrid program is 
an interface between these two systems because it incorporates both the discreet program and the continuous 
behavior of analog equipment. The control explores the domain geometry with eliminating the unexpected 
situations [12, 13]. 

We must mention the surgical robot built at the Johns Hopkins University Center for Integrated 
Surgical Systems and Technology Group [14,15]. This robot is composed of three components: Stealth 
Station navigation unit that follow the position and orientation of the optical markers on the rigid body, the 
3DSlicer unit for viewing and analyzing imaging data, and a 6-degree Neuromate robotic arm equipped with 
a Food & Drug Administration (FDA). The robotic system has active constraints defined in three domains: 
safe, forbidden and critical boundary. The robot locks when the surgeon enters in the forbidden domain, 
preventing deeper intrusions. The flowchart of the algorithm is given in Fig. 2 [15, 16].  
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Fig. 1 – Cooperatively control to restrict a tool-tip (SI) to cross Γ . 

 
Fig. 2 – A general flowchart for the control algorithm. 
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2. KINEMATICS OF THE ROBOT 

A system of coordinates ( , , )X Y Z  is attached to the base of the robotic system with a simulated SI as 
the top of a virtual joystick (red), Z  is the vertical axis (Fig. 3). The working space Ω  is defined by 
coordinates ( , , )x y z . The SI is located at the height h  from the base of robot. The joint vector 1 2 3( , , )q q q q=  
is defined as: 1q  is the rotation about X-axis (pitch angle), 2q  is the rotation about Y-axis (roll angle) and 3q  
the rotation about the axis Z  which is common with the  joystick axis (yaw angle). The 3q  does not 
influence the SI position as required by the laser joystick. 

 

 
Fig. 3 – Scheme of the system of coordinates attached to the robotic system. 

 
The mechanism has the following transformation matrix [16] 
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The transformation matrix of roll angle is given by 
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The position of SI  is 
O O S

J S JT T T= .                                                                   (4) 

The Jacobean matrix which transform the joint vector q  into working space Ω  is  

2
1 2 2 1 2

2
1 2 1 2 1

3 3
1 2 1 2

cos( )cos( )sin ( ) / sin( )sin( ) / 0
sin( )sin( ) / cos( )cos( )sin ( ) / 0

cos( )sin ( ) / sin ( )cos( ) / 0
L

h q q q h q q
J h q q h q q q

h q q h q q

⎛ ⎞− α α
⎜ ⎟= − α α⎜ ⎟
⎜ ⎟α α⎝ ⎠

 ,                     (5) 



592 Veturia CHIROIU, Ligia MUNTEANU, Cristian RUGINĂ 4 

 

with 2 2 3
1 2(1 cos ( )cos ( ))q qα = − . The inverse kinematics of the robot is given by 
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In practice, the source of uncertainly of the robot may be the input, the variable state, imperfect 
measurements, parameter and output data. The uncertain is bounded in all cases and the control in this case is 
assessed by the discrete model with the help of solutions of the continuous model, in order to describe how 
error occurs and propagate through the model. 

The hybrid language permits description of the interaction between a discrete evolution and the 
continuous action of SI. To represent these interactions, dL includes the non-determinism concept and the 
ability to describe the continued evolution of SI. Non-determinism is an uncertainty that is not described 
probabilistically. 

3. DESCRIPTION OF dL 

The language dL is composed by arithmetic operations, state variables (as example the force f  which 
is applied to SI by the surgeon), a set of statements and assignments.  The operations in dL are: logical and 
a b∧ ; logical or a b∨ ; negation a¬ ; existential and universal quantifications in R , ( )xP x∃ and ( )xP y∀ , 
respectively; all running of a  satisfying the condition ψ  (box mode) [ ]a ψ  satisfying ψ  a< > ψ . The 
language of modelling contains the statement in the continuous evolution is written as 

1 1 2 2, ,... &n nx x x= ϕ = ϕ = ϕ ψ  ; an assumption is expressed as ?ψ ; the assignment is :i ix = ϕ ; the non-
deterministic assignment of any value : *ix = ; the sequentially running a  and b , ;a b ; non-deterministic 
choise a b∪ ; non-deterministic loop *a . Details on dL can be found in [3-10].  The state variables can be 
discrete and continuous. 

A sequence of dL program that contains an arbitrary input of a non-deterministic value to f ,  
followed by three non-deterministic choices [23]: 
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The goal of the algorithm requires that SI starting from a location ( 0)r >=  continues to stay in a safe 
location in Ω  at every moment of time for any input conditions. The safety property is described by 
( 0) [ctrl( 0)r r>= → >= . KeYmaera is an instrument that can check the safety property of the algorithm [10]. 

The constraints are modelled in linear or nonlinear inequalities over Boolean-valued variables 
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= ∧

= → ∪
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     (8) 

The algorithm permits the introduction of a large number of constraints by simple syntactic 
statements, and the surgeon decides to give up or not to a few of these constraints, or to solve any possible 
conflict between them. The performance of dL is measured by verification of all safety conditions of SI 
trajectories in Ω  and the degree of performing the control task. The algorithm pays attention to causal 
relationships between variables by a full compatibility between continuous and discrete actions.  The 
continuous evolution subjected to a constaint  
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4.  CONTROL OF CROSSING A CRITICAL BOUNDARY  
BY THE TIP-TOOL IN A RANDOM MOTION 

The robot and the surgeon manipulate the same surgical tool SI, so that when the surgeon applies a 
force f to SI, the robot allows it according to [6–8] 

d ( )
d
r G f
t
= ,                                                                        (9) 

where r  is a positive value that describes the SI position in Ω , and G  describes the discreet part of the 
system and it is a constant multiple of f . Equation (9) involves a negative feedback control flow with 
admittance control, that transforms forces and moments into velocities.  

The analyze of the proposed ab initio trajectories of SI and the crossing of a critical boundary Γ  can 
be done by applying the Greenwood and Novikov results [17–19].  

Let us consider the 1D case. The safe domain Ω  is bounded by a constant boundary g− , 0g ≥ . The 
motion is described by 
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where , 1px p ≥  are state variables.  The time when SI reaches the critical border is denoted by gt   

{ }: min 1:g nt n s g= ≥ < − .                                                    (11) 

The contact can be identified by checking the minimum distance between SI and critical border 
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where 1r  and 2r  are the position of SI and the border, respectively. The class 2M R∈  of given motions of SI 
can be defined as 

{ } { } { } { }: 0 1;| | 1 0 2;| | 1 1, 0 2, 0M = < μ < ν < ∪ < μ < ν ≤ ∪ μ = ν = ∪ μ = ν = ,         (13) 

and can be be generated by a genetic algorithm [19] or by the modified Kronecker sequences implemented 
into quasi-Monte Carlo [22].  

The overall speed 1r  is given by the control law [23] 

 ( )1 1 11 dr r r n n
D
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where d  is the distance from SI to Γ  with the normal  1n .  
The control of trajectories of SI is made by accounting every position of SI with respect to Γ  and 

surrounding space Ω  at every moment of time. The unsafe region is continuously monitored in a coordinate 
system fixed to SI and centred at the initial position of SI.  

Most of the time, the surgeon manages freely the SI (green circle) without any robotic intervention 
(blue lines). Various situations with the surgeon’s given trajectories in space are presented in Fig.4. The 
modified Kronecker sequence is applied by generalizing of the golden ratio by a metallic ratio 

2 4
2

a a+ +
ϕ =  with a   a positive integer. The critical border Γ  is the ends of Ω  marked with red colour.  

When SI approaches Γ ,  the normal speed component to the border is attenuated by the robot and slowly 
cancelled.  It is the case of the regions noted by A and B.  It is possible that some SI trajectories not to be 
defined ab initio, and to be instantly changed depending on local working conditions. Or, the inputs can be 
unclear and the measurement imperfect. Such situations are handled by intervention of the robot and the 
surgeon accepting.  
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Fig. 4– Different SI trajectories in Ω .  

A buffer can mitigate the stop with the progressive movements before a hard stop. Figure 5 presents 
different types of hard and soft stops. 

 

 
Fig. 5– Different hard and soft stops. 
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5. CONCLUSIONS 

The paper discusses the control of a cooperatively robotic system, namely the cooperation surgeon-
robot. The hybrid language is used to describe the interaction between the discrete evolution and the 
continuous action of the surgeon instrument (SI). The behaviour of the system includes uncertain input 
conditions for a class of random motion of SI and the hard and soft stops. The control algorithm corrects the 
movement of SI through hybrid discrete and continuous logics. The hybrid control program is an interface 
between a system with analog equipment described by continuous mathematics and a system with discrete 
software devices that processes the data.  To represent the interactions surgeon-robot, the dL includes the 
non-determinism concept and the ability to describe the continued evolution of SI. Non-determinism is an 
uncertainty that is not described probabilistically. The control explores the domain geometry and eliminates 
the unexpected and conflictual situations. 
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