* THE PUBLISHING HOUSE PROCEEDINGS OF THE ROMANIAN ACADEMY, Series A,
[!' OF THE ROMANIAN ACADEMY Volume 9, Number 3/2008, pp. 000-000
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Let p be a prime number. The ring @p has been defined in [6] as being the completion of the field

Q of algebraic numbers with respect to the so called spectral norm. Since this ring seems to be
interesting from many points of view, we want to continue to investigate its properties of it. The aim

of this paper is to investigate the units and the regular polynomials of @p .

Key words: pseudovaluation, spectral extensions, "Krull topology", spectral norm, regular polynomial

1. INTRODUCTION

In [6] it is defined the ring @p . This paper is a natural continuation of our previous papers [2], [6]. We

intend here to describe the units sets and the regular polynomials of @p .
The paper is divided into four sections. The second section presents the notations, definitions and basis
re-sults. In Section 3, the units in Q, are studied. Finally, in Section 4 we study the regular polynomials in

Qs.

2. NOTATIONS, DEFINITIONS AND BASIC RESULTS

Denote by Q the field of rational numbers and by Q a fixed closure of it. Let p be a prime number
and let v, denote the valuation on Q defined by it [1]. Also denote by v a fixed valuation on Q which
extends Vv, .

Denote by G =Gal (@/@) the Galois group of automorphism of Q. For any o € G, denote by oV the
valuation on Q defined by (oVv)(X)=V(c'(x)) for all xeQ. Then oV is also an extension of v, to Q and
any valuation v on Q which extends v, is of this form.

Let Q, be the field of p-adic numbers and let us continue to denote by Vv, the unique valuation on
Q, which extends v, . Also let @p be a fixed algebraic closure of Q) , and continue to denote by v, the
unique valuation on @p which extends v, .

Finally, let C, be the completion of @p with respect to v and again continue to denote by v, the

unique valuation on C which extends v, . The valued field ((Cp,vp) is called the complex p -adic field.
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Consider the valued field (@,Vp). Denote by W the spectral pseudovaluation on Q induced by the
valuation v, on Q.

According to [6] for any x € Q one has W(X) = 1,22" (0‘1 (X)) = irig(av)(x).

We shall say that w is the spectral extension of v, to Q.

Denote by @p the completion of Q with respect to spectral pseudovaluation w above defined. Also,

denote by W the unique extensions of w to @p. Since w is not a valuation, then @p is not an integral
domain ([6] Corollary 2.5.).
Denote by ||-|| the spectral norm on Q, which corresponds to w.

W(X)
According to [6], for any X e @p one has || x|[= [F] .

Let xe @p .For any o € G, we define the map 6_ :@p — C, in the following way.

Let x={x,},, where {X },, is a Cauchy sequence in the class of X, X, € Q forany n=1,2,.... Then
{o(x,)}, is a Cauchy sequence in (C,v,). Let us put €,(X) is class there. Shortly we write X, =6_(X).

The element x € Q, is well defined by its components {x, |

In fact we have || X||= Sup(|XU
ceG

Y (xg)
), where |x, | = |x0|p - [Ej P is the absolute value of X, in C,.

If xe @p , then X =1imX,, where {Xn }n is a Cauchy sequence of @ with respect to W. This means that
w
W(X,,, —X,)= ing(rv)(xn+1 =X, )————>+0.
If x,ae@p, x=(x,)

..» a=(a,) , and if r>0 is a real number, we mark with

B=B(a,r) = {X € @p‘ || x—all< r} the open ball with the center a and the radius r, and with
B'=B'(a,r)= {X € @p‘H X—a ||§r} the closed ball with the center a and the radius r .

Denote with B(aa,£)={ X, € (Cp‘ |X, —a, < I’} the open ball with the center a and the radius r, and
B'(a,.c)= {XG € Cp‘ |x, —a, [< r} the closed ball with the center a_, and the radius r .

Let us consider xe @p , X=(X,),.c and p>0 a real number. If for any c€G we have |X_[<p,
then || x |[< p ([3] Lemma 2.1.). The set C,(X)={x, |0 €G} is compact ([2] Remarks 3.9.).

Let ye@ID and £>0 be a real number. Then there exists an element z e@ with the following
properties:
Dy-z<e;

i) deg(2) = deng(Z) = deng(y) ([2] Proposition 4.1.).
3. THEUNITSIN Q,

1. Denote by U ; the group of units of @p,that isU, ={Xe@p‘(3)ye@p so that xy=1}.

We have the following theorem of characterization of the inversibles elements of the ring @p .
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Theorem 3.1 Let us consider x=(x,)__. from @p . The element x is inversible if and only if x_ =0,
forany o eG.

Proof. Let the element xe@, be inversible. Then there is y=(y,) ., yeQ, so that xy=1.
Therefore (X, )(y, )=(xy), =1, thatis x_ -y =1, forany o € G, which shows that x, = 0 forany oG .

Conversely, consider X € @p , X= (Xa )“G , so that x_ =0, for any o € G. We shall prove that there
exists X' e @p .

Consider the set C,(X) = {Xg|a € G} from C. Using Remarks 3.9. of [2] we have that the set C () is

compact and closed, and the zero element does not belong to C,(X) . We state that there exists a real number
£>0,sothat B(0,6)NC,(x)=O.

Indeed, if for any ¢>0 there is an element a, € C,(X)"B(0,s), then we infer that there exists a
sequence {a,}, < C,(X) convergent to zero.

But in this case the zero element is in set C (X), which is a contradiction.

So that let us consider &, a real number with B(0, 50) NC,(X)=9.

Then for any o€ G we have |x0| >¢g, and so | | S— Let { n}n be a sequence of elements in Q
with limX, = X.
I

We know that for n  large enough we have ||X, |=|X||, so we have
1% II=sup(|(%,),|) =l X I= sup(1 %, 1)
oeG oeG

Consider >0 be a small real number. Then for n large enough we have ||X—Xn||<§, or

sup( X, —(xn)g‘)<5,we have ‘XU —(Xn)g‘<5, forany 0 €G.
oeG

We can consider & < &,, and then we have ‘(X )UH(Xn)

:|X0' ,

|X6| 2&,.
So we obtalned ‘ ‘ >¢g,,forany o0 €G and n large enough.
. 1 . -
Let us consider the sequence {yn}n , where y, =—_. We shall prove that this sequence has a limit.
X

n

For n large enough, since ‘ X ‘25 we have
Vo), = (%), | = | 1

X
‘(Xn — Xou )0-‘ < ‘(Xn — Xoa )a

_‘(Xn)a“‘(xnﬂ)g‘ - &

[L_L]
Xn+l Xn o

I . .
Hence, the sequence {—  is convergent in the spectral norm.
nJn

and so

Sup‘ n+1 )G‘
sup < o<t .

oeG

2
80

Let y= 1imi . Then we have xy = 1im{xn Lj =1iml =1, thatis y=x", ye @p
I X, [ X [H]

n
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In order to render evident both the topological and the algebraic aspects of the problem of units in @p ,
we shall give two proofs for the following theorem.
Theorem 3.2 If Xe@p and || x||<1, then the element 1—x is inversible.

Proof. The first proof of this theorem is based onTheorem 3.1. Indeed, if |/ X|[<1 then
| X ||= sup(|xa|)<1 and so |X6| <1, for any o €G . But then |1—xa|=1, for any o €G which proves that
ceG

1-x, =0, forany o €G and so the element 1-X is inversible.

The second proof is classical and is based on the fact that, if ||x|[<1, then the series

1+ X+X*+...+X"+... is convergent.
Let A be the sum of this series.

We have A=[m(l+X+X*+...+X"), but then A(l-X)=Lm(1-X)(I+X+X*+...+X")=

n—oo n—oo

lim(1—x"")=1 and so A=1L

n-o —X

2. The problem now is to find out how many units there are in @p. Denote by 6,:U, > Cy,
0,(x) =X, where C; =C \{0}.

Theorem 3.3 The function 6, :U , — C3 defined by 6,(x) = X, is surjective.

Proof. Let ze C;, and 0 €G .

We shall prove that there is an element XxeU  so that x, =z.

For this we shall use Proposition 4.1. of [2]. So consider the sequence {Zn}n € @p so that limz, =z2.
[

For any n>1, we choose an element X, € Q, according to Proposition 4.1. of [2] so that |xn - Zn| < 1 and
n
deg Q, (x,)=deg Q(Xn) =deg @p(zn) .

We state that the sequence {Xn}n converges to Z.

Indeed
|Xn+1 - Xn| = |Xn+1 A T AR Rl e o Xn| < max(|xn+1 ~Zoals|Znn — Zn|’|zn - Xn|)
1 1
< max(ﬁ,m, Zn+1 - Zn|j.

Since lim(Z,,, —2,)=0 it is inferred that Jim(X,., —X,)=0 and so the sequence {x,} is convergent
I [

in the p-adic norm. But, according to Proposition 4.1. of [2] it can be inferred that the sequence {Xn}n is
also convergent in the spectral norm, since V(X,,, =X, ) =V(c(X,,,)—o(x,)), forany c€G [6].

Hence 1imX, = X, =z, forany o € G and thus we have proved that the function &_ is surjective. [
[

Remark 3.4 Let xeU . We have || x||=sup|x,| and since x™' =(x;') __, we obtain
oeG
= Sup[
oeG

Since the sets C,(X) = {X0|0' € G} and C, (X‘l) = {X;1|G € G} are closed and compact, it is immediately

inferred that || X||= sup(|Xg|) €|C,(x)| as well as that ||X‘1||jT1|X| € |C1 (x")
oeG m o

oeG

1

X

[e3

]:;
inf (%)

, where |C,(X)H{| X, || o eG} .
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1 1

Now let ‘X00‘=||X\|=ilig|xg| and ‘X":‘:”XIHZM'BM ‘X;; S"x—l”: " or X <X

oeG N
We state that X;(‘) = X;I‘ . Indeed, we suppose that

x;(‘) < x;ll )
But we have |x, X;1|=1=x, |-X21| <|X, |-X;1 <|X, |-X!| =1, because |X, =|| x|> Xo0 | -
Thus we have obtained a contradiction and this shows that the inequality (1) is not true. So
Koo | =X = | =[x hatis ot =[x or - =1.

3. Denote by I(a)={Xe@p‘x—anp}.
Now we intend to examine the points of continuity for the function f :I(a)—>@p defined by

f(X)=L,Where x=a.Wehave x—aeU, ifand only if x, —a, =0, forany c€G.
X—a

So|x,—a, [>0,forany c€G.
Proposition 3.5 If xe 1(a) , then inf (|X, —a6|) >0.
ceG

Proof. We suppose that jnf(|xa - aa|) =0.
oeG

Since G is a compact space in the "Krull topology", any sequence has a limit point.

Consider the sequence {O'n }n c G so that 1im(xg -a, ) =0.
4o\ O e

Since {Xan} cC,(x) and {af’n} cC,(a), and the set C(x) and C (a) are closed sets, we infer that

from the sequences {Xa }
n

fa,) <fa)

We suppose that
limX; =X =X and lima, =a=a. (2)

n—owo n—ow

Let o0 €G, so that
limo, = o. 3)

n—oo

and {aa } we can extract some convergent subsequences {Xg } g{xa } and
n n)n n)n

n n

Since i (X"n —agn)=0, and taking into account the relations (2) and (3), we infer that X=Xx_,
H

a=a,_,thatis a_ = x_. Thus we have obtained a contradiction.
Therefore, if X< 1(a), then inf(|X,, - aa|) >0.
oeG

Proposition 3.6 The set 1(a) is an open set.

Proof. Let xeI(a), that is inf(|Xg —ag|)> 0. Denote by d = inf(|xa —aa|) .Let ye é(x,%), that is
ceG oeG

Hy—xH<%.Since ||y—x||=sup|y0—xa| and Hy—xH<% we have |y —X, |<%,f0rany ceG.
oeG

For yel(a), that is jnf( y, —aa|)>() we obtain
oeG
|ya—Xa|:|ya—aJ—X5+aU|2d.

Thus inf(|y(r - Xg|) >d >0, that is the set 1(a) is an open set.
oeG
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Remark 3.7 Taking into account all we have proved above, the set of points of continuity for

inf(, ~a,) > 0}

f:l(a)>Q,, f(x)=XT1a,where X = a, is the set {Xe@p

4. REGULAR POLYNOMIALS IN @p

Let us consider @D[X] . The elements of @D[X] are polynomials of the type
f(X)=a,+aX +...+a,X", with coefficients in Q, .

Consider f(X)=a,+aX+...+a,X". Then f (X, )=(q,), +(a), X, +...+(a,), X2 are called the
projections of f on C, forany 0 €G.

For f,g e@p[X] one obtains (f-g), =f, -g,.

Definition 4.1 f ¢ @p[X] is called regular polynomial if there is a nonzero divisor.

Proposition 4.2 The polynomial f e @p[X] is regular ifand only if f_ =0 forany c€G.

Proof. Let us consider the regular polynomial f e @p[x ] defined by f(X)=a,+aX+...+a,X".

If for 0,€G, we have f“o =0, then fUO(XU)=(a0)00 (@), X+ +(8),, X5, we deduce that
(ao)gO =(a1)gO =...=(an)a0 =0. Accordingly [6], there exists an element 66@p so that e>=e and
e-a=0,fori=1,2,..,n.

Let g=e-X.Wehave g-f =(e-X).- f =ea,X +ea X*+:--+ea,X"" =0, which is a contradiction.
Hence f_ =0, forany 0e€G.

Conversely, let f_= 0 forany o €G . We suppose that f-g=0,for f,ge @p[X] . One obtains:

f,-9,=(f-9),, forany o €G.

Since f_ =0, we have g_ =0, we deduce that g =0. Hence the polynomial f e @p[X] is regular.

Corollary 4.3 Let us consider f(X)=a,+aX +...+a, X", with a e@p, for i=0,1,...,n. If exists

an element a, eU(@p) ,then f isregular.

Proof. If f(X)=a,+a X +...+a,X" and & eU(@p), then (&), =0, for any oG, we deduce
that f_(X_ )= 0, hence the polynomial f isregular.

Remark 4.4 In particulary, the monic polynomial f e @p[X] is regular.
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