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1. INTRODUCTION AND PRELIMINARIES

We consider the frame of optimization theory for n-set [2,5,8]. For formulating and proving various
duality results, we use the class of generalized convex n-set functions called (F,b,¢,p, 0)-univex functions,
which were defined in Zalmai [11]. Until now, £ was assumed to be a sublinear function in the third
argument. In our approach, we suppose that F is a convex function in the third argument, as in Preda et al.
[7,8] and Batatorescu et al. [1].

Let (X ,A,,u) be a finite atomless measure space with LI(X ,A, ,u) separable, and let d be the
pseudometric on 4" defined by

d(R,S):= LZ; 1 (RAS, )r

where R = (R,,R), S = (§5,,,5,)e A" and A stands for symmetric difference. Thus, (A",d)is a
pseudometric space.
For hel, (X A, ,u) and T € A with indicator (characteristic) function y, € L (X , A, y), the integral

J-hd,u is denoted by <h, Xr >
Definition 1.1. [4] 4 function f:A—>R is said to be differentiable at S EA if there exist
Df(S*) el (X,A,,u), called the derivative of fatS", and Vf 1 Ax A — R such that
FS)=F(S)+(DF(S), 25— 1 ) +V, (5.8
Joreach S & A, where V, (8,87) is 0(d(S,S")), that is,

V,(8.87)
im ———=0
d(S,8")—0 d(S’S )
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Definition 1.2. [2] 4 function g: A" — R is said to have a partial derivative at S'=(S;’,..., S,) EA"

with respect to its i-th argument if the function f(S;) = g(S:,...,SiI,S,.,S.* -o,S:) has derivative Df(SI.*),

i1
ien={,2,..n}.
We define Dig(S*) =Df'(S’) and write Dg(S") = (Dlg(S*),...,Dng(S*)).

Definition 1.3. [2] 4 function g: A» — R is said to be differentiable at S~ if there exist Dg( S*) and
Wy Ar x A"~ R such that

G(S)=G(sH)+Y <D,.G(S*), 25~ 1, > LW(S,S)),
i=1
where W, (S,S") is o(d(S,S")) forall S € A

Let RY be the g-dimensional Euclidean space and R? its positive orthant, i.e.
R? ={x =(x1,...,xq) eR":x, 20, j= L...,q}.

For any vectors xz(xl,...,xn) and y:(yl,...,yn)eR", we put x = y iff x = vy,
for each i € n={1.2,..n};x<yiff x = y, with x#y; x <y iff x;<y, foreachi € n={1,2,.n};x
€ y means the negation of x <y. Clearly, x e R" iff x =0.

In this paper, we consider the multiobjective fractional subset programming problem

ACIACI f,,(S)]
g(8) g,(8)" g,

(P) min ®(S) :(

subject to

h(S)£0, jegq= {1,2,...,6]}, Sed,
where A" is the n-fold product of the c-algebra 4 of subsets of a givenset X, f : 4" - R, g : 4" = R,
iep= {1,2,...,p}, and h,;: 47 > R, j eq,such that g, (S)>0 for each ie pandall Se?Z.We
denotedby 7 ={Se4": h, (S ) <0, j € g} the set of all feasible solutions to (P).

Definition 1.4. 4 feasible solution S° € 7 is said to be an efficient solution to (P) if there exists no
other feasible solution S € P such that

(fl(S) LS J&(S)J{fl(s‘)) £ f,,<S°>]
28 g, "g,9) (&5 g Tg,(S"

In the following we consider F: 4" x 4" x R — R and a differentiable function f* : A" — R . The

definitions  below  unify the concepts of (F , p) — convexity, (F , p) — pseudoconvexity,
(F , p) — quasiconvexity from Preda [6] and univexity, pseudounivexity, quasiunivexity from Mishra [3].
Leth: A" x A" — R _,0: 4" x A" — Ar x A»such that S# S~ = (S, S') #(0,0), ¢ : R — B , and
a real number p.
Definition 1.5. [11] 4 function f'is said to be (strictly) (F,b,(p, P, 0) —univex at S if

P(F(S)-F(S))(>) 2 F(S.8":b(S,8)DF(S )+ pd*(6(S.S"))

foreach Se A".
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Definition 1.6. [11] 4 function f'is said to be (strictly) (F,b,¢,p,0)-pseudounivex at S>l< if
F(S,8% b(S8,8)DF(S) 2 -pd*(6(5.57)) = o(f(S)-£(S) (>) 20

foreach Se A", S5 .
Definition 1.7. [11] 4 function f'is said to be (prestrictly) (F,b,p,p,0)-quasiunivex at S* if

o(f ()= £(5) (<) 0= F(S, S*;b(s, S*)Df(S*))§ - de(a(S,S*))

foreach Se A".
For problem (P), Zalmai [10] gave the necessary conditions for efficiency below.

Theorem 1.1. Assume that f;, g,, i€ep,and h, jegq, are differentiable at S" e A", and that for

each i € p there exists S e A", such that

hj(S*)+Z<thj(S*)ﬂl§k _}(S;><Oajeg,
k=1

and for each [ € B\{i} we have

i<gi(5*)Dkfl(S*)_ﬁ(S*)Dkgz(S*),Z§k _7(5;>< 0.

k=1

p
If S" is an efficient solution to (P), then there exists u' €U ={ueR” 1u> O,Zui =1}and v eR *
i=1
such that

Z<Zu [£,(SID, £,(S) = £,(S)D,g,(S )]+Zv DUy (8 ) 2, = 7, )20 M

k=1 i=1
forall S e A, v;hj(S*)zo,jeg.

We shall refer to an efficient solution S” to (P) satisfying the first two conditions in Theorem 1.1 for

some S;, i € p, as a normal efficient solution.

2. THE DUALITY MODEL AND DUALITY RESULTS

In this section we present a general duality model for (P). Here we use two partitions of the index sets
¢ and p, respectively.

Let {I,,1,..,I,} bea partition of the index set p and {J,J,,...,J, } a partition of the index set g such
that K={0,1,....k} c M={0,1,....m}, and, for fixed S, u and v, and reK let the function
Q,(S;+u,v): A" >R be defined by

STuv ZM fl.(T)gi(S)]+Zvjhl.(T)

iel,

We associate with problem (P) the dual problem
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(D) max & (T,u,v) = fl(T)’fz(T),m’fp(T)
g () g(T) g,

subject to

(S T;b(S, T)Z [G.(T)DF,(T)-F,(T)DG, (T)]+iijhj(T)Jx >0VSed

dvh(T)=20,teM

jel,

Ted", ueU, veR .

In the following we consider a convex function F (S,T ;-):L,(X ,A, ,u)—)R and
A (V)i A" SR A(TY)= D vk (T),teM.

Jjed,
The result below establishes several versions of weak duality related to problems (P) and (D).
Theorem 2.1 (Weak duality). Let S and (T,u,v) be arbitrary feasible solutions to (P) and (D),
respectively, and assume that any one of the following sets of hypotheses is satisfied.:

(a) () 2kQ, (-, T,u,v) is slrictly(F,b,qot,p,,H) —pseudounivex at T, ¢, is increasing, and @, (O) =0 for
each te K
(ii) 2(m —k)At (-,v) is (F,b,(p[,p,,H) —quasiunivex at T, @, is increasing, and @, (0) =0 foreach
te M\K;

om—ZA > Lo

teK teM\K
(b) (i) 2kQ, (-, T,u,v)zs prestrictly (F,b, (pt,pt,ﬁ)—quasiunivex at T, @, is increasing, and @, (O) =0
foreach teK;
(ii) 2(m —k)A[ (-,v) is strictly (F,b, (ol,pz,é’) — pseudounivex at T, @, is increasing, and
got(O):O foreach teM\K;
(iii) Za y L L
tEK teM\K
(c) (1) 2kQ, (-,T,u,v) is prestrictly (F,b,(ol,ptﬁ) —quasiunivex at T, @, is increasing, and ¢, (0) =0
foreach teK;
(ii) 2(m —k)At (-,v) is (F,b,(pt,p,,H) —quasiunivex at T, ¢, is increasing, and ¢, (O) =0 foreach
te M\K;

om—Za > -~

tEK remk M

(d) (1) 3kQ, (-, T,u,v) is strictly (F,b,(ﬁl,ﬁl,é?) —pseudounivex at T for each t€K,, @, is increasing,

>0

and @,(0)=0 for each teK,, 3k, (- T,u,v) is prestrictly (F,b,@,, p,,0)—quasiunivex at T for each
tekK,, @ isincreasing, and @, (O) =0 for each t €K, , where {K K, } is a partition of K, with K, # &,
Kz *J, kl :|K1 |, kz :|K2 5

(ii) 3(m—k)At (-,v) is (F,b, (pt,pt,@)— quasiunivex at T, @, is increasing, and @, (0) =0 foreach
te M\K;
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(m)—ZA Zp, > Loz

1 teK, 2 tek, emk M
(e) (1) 3k, (',T,u,v)zs prestrictly (F,b, (pt,p,,H) — quasiunivex at T, @, is increasing, and @, (O) =0
foreach teK;

(11)3(m —k )Al (-, ) is strictly (F,b,@z,ﬁt,e)— pseudounivex at T for each te(M\K),, @, is
increasing, and ¢,(0)=0 for each t € M\K),, 3(m,—k,)A, (V) is (F.,b,,,p,,0)— quasiunivex at T
for each t e M\K),, @, is increasing, and @, (0) =0 foreach t € M\K),, where {(M \ K)1 ,(M\K)2 }
is a partition of M\K_, with (M\K) * D, m, =\(M\K)1 ,(M\K), 20, m, =|(M\K),|;

(m)—Za > k —— k —H >0
1 2

reK 1e(MK), re(Mk), My —

H (1) 4kQ, (-,T,u,v) is strictly (F,b,(ot,pl,H)— pseudounivex at T, @, is increasing, and @, (0) =0
for each teK,, 4kQ, (-, T,u,v) is prestrictly (F,b,(?t,ﬁl,ﬁ)— quasiunivex at T, @, is increasing and,
(ﬁ(O)zO for each teK,, where {K ,K,} is a partition of K, with K, #J, K, #J, k =K, |,
ky =K, [;

(i1) 4(m1 —kl)At (-,v) is strictly (F,b, (Zt,ﬁt,ﬁ)— pseudounivex at T, @, is increasing, and
?,(0)=0 for each te(M\K),, 4(m,—k)A, (V) is (F.b,¢,.p,.0)— quasiunivex at T, @, is
increasing, and , (0) =0 for each t € M\K),, where {(M\K)1 ,(M\K)2 } is a partition of M\K, with
(M\K), =&, m, =\(M\K)\ (M\K) *D, mzz\(M\K) E

(iif) —Zpt Zp, > k —— k —H >0
1 2

1 teK, 2 teK, te(MIK), te(MK), My —

(iv) K, #J or (M\K) = or

—Zpﬁ—pr 2 k1+ ) —— kz

1 teK, 2 teK, te(M\K), te(M\K), m2
Then q)(S) £ S(T,u,v).
Theorem 2.2. (Strong duality). Let S €P be a normal efficient solution to (P), let

F(S,8;Df(S")) = Z<Dkf(S*), Xs, ~ X >f0r any differentiable function f:A"—>R and S e A", and
k=1

assume that any one of the sets of hypotheses specified in Theorem 2.1. holds for all feasible solutions to (D).
Then there exist u €Uand Vv € R.” such that (S, u' V) is an efficient solution of (D) and
DS )=06(S ,u’,v).

Remark 2.1. Using Theorems 2.1 and 2.2, and tehniques from [5] and [10], we can also obtain a strict

converse duality result.
For a detalied presentation of these results, the reader is referred to [9].

3. CONCLUSIONS

We have obtained duality results for a dual model of Zalmai [10], replacing the assumption of
sublinearity by that of convexity. Similar results can be obtained for the other dual models from [10]. Also,
almost all results of this type present in the literature can be extended to the case where F is not necessarily
sublinear.
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