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We consider sufficient regularity and coercivity conditions for Minty and Stampacchia type
equilibrium systems. Thus, under suitable assumptions, if the independent equilibrium problems are
solvable, then the system of equilibrium problems also has a solution.
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1. MINTY AND STAMPACCHIA TYPE EQUILIBRIUM PROBLEMS - THE STATEMENT OF
THE PROBLEM

Let X and Y be topological spaces. Let C be a nonempty subset of ¥, ¥: X xCxC — Rand
F :C — 2" be a set valued mapping with nonempty values.
The equilibrium problem of Minty type is

M (W, F;C):Find u e Csuch that forall ve C and forallx e F(v),

¥ (x,v,u)=0.

We note that u e C is a solution of M (¥, F;C) if and only if

inf ¥(F(v),v,u):= inf ¥(x,v,u)>0 forallveC.

xeF (v)
The equilibrium problem of Stampacchia type is

S(W,F;C):Find u e C such that for all v e C there exists x € F (v) for which

¥ (x,v,u)>0.
If the set valued function F has compact values, then the solution u of S(¥, F;C) is such that

sup W (F(u),v,u):= sup ¥(x,v,u)>0 forallveC.

xeF (u)

Let us define the set valued maps

M, (V) ={ueC| VxeF(v), ¥(xv,u)=0},veC,
and
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Sr(W)={ueC| IxeF(u), ¥(x,v,u)>0},veC.

We now see that u is a solution of M (¥, F;C) if and only if ue(|M, (v). Similarly, u is a solution

veC

of S('¥,F;C) ifand only if ue (]S, (v).
veC
Definition 1.1. A set valued map F is said to be ¥ -properly quasimonotone if for all me N, all

vectors v,,...,v, € Candscalars 4,...,4, >0 with ZAI we have
i=1

max inf(F(vj),vj,Zm:/llvi) =0.

1<j<m

Remark 1.1. In our case, the proper quasimonotonicity of F w.r.t. ¥ is equivalent to the KKM
property of the map M, (see [2]).
The connection between the ¥ - properly quasimonotonicity of F and the maps M, (v) and S, (v) is

given by the results below.
Proposition 1.1.

(i) Fis ¥ - properly quasimonotone if and only if M,,. is a KKM map.
(ii) If C is a convex set, \P(F(x),«,u) is convex in the second argument for any fixed ueC and
xeF(u),and(F(x),u,u)=0 forany ueC and xe F(u), then S, is a KKM map.

Definition 1.2. F is ¥ - pseudomonotone on C if and only if S, (v) c M, (v) for anyveC.

Proposition 1.2. F is said to be pseudomonotone w.rt . Wif and only if
Sye (V)M (v) foranyveC.

2. MINTY AND STAMPACCHIA TYPE EQUILIBRIUM PROBLEM SYSTEMS - THE
STATEMENT OF THE PROBLEM

Now we take up the case of the equilibrium problem systems.

Let X,,...,X, and Y,,...,Y, be real Hausdorff topological vector spaces. For i=1,...,n, consider the
functions \P, :X;xC, xC, >R, whereC, cY,, i=1...,n, are nonempty sets. Further, for i=1,...,n, we
consider set valued functions F, :C, x..xC, — 2" with nonempty values.

Let us denote 1={1...n}, C=C x..xC_, u=(u,..,u,) and (u',v)=(u,,..,u

v,u, ..., U,). Also,

i-1? i+17°"

we use the notation F for the family F,...,F,.
The equilibrium problems system of Minty type is

M (‘I‘*,F;C): Find ueCsuchthatforall iel andveC,, and forallxe F, (ui,v),we have

P (x,v,u;)>0.

The equilibrium problem system of Stampacchia type is
S(¥",F;C): Find u e Csuch that forall i I andv e C; there exists x  F, (u',v) for which

¥ (x,v,u,)>0.

Remark 2.1. For the case of classical types of variational inequalities, see [1] and [3]. The implicit
case was studied in [6].
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3. MINTY AND STAMPACCHIA TYPE EQUILIBRIUM PROBLEMS - MAIN RESULTS

In the following we consider problems M (¥,F;C) and S(¥,F;C). We first note that in the case

when the set C is not a compact convex set, it is necessary to consider a coercivity condition of Minty type,
namely,
(¥ —CM): There exist a compact set K < C and v;,...,v,, € C such that

min inf\P(F(vj),vj,u)<0 forallueC \ K.

1<j<m

Remark 3.1. For ‘P(x,v,u) =<x,v—u> we get the coercivity condition used in [4]. Also, in this case,
for m=1 we obtain a coercivity condition from [5].
We now state a first result for solvability of problem M (‘P F;C).

Theorem 3.1. Assume that
(i) Cisaclosed set;
(ii) Fisa ¥ - properly quasimonotone mapping ;
(iii) the coercivity condition (¥ —CM) is satisfied;

(iv) the mapping u > ¥ (x,v,u) is lower semicontinuous on K for any fixedx e F (v),ve K.

Then there exists a solution of problem M (¥, F;C) in K.

We can also consider a Stampacchia type coercivity condition
(W —CS): There exist a compact set K < C and v, € C such that

¥(X,Vp,u)<0 forallueC \ K and xe F(u).

Theorem 3.2. If the conditions (i) and (iv) together with
(v) C isaconvex set,
(vi) F isa pseudomonotone mapping w.r.t. ¥, and
(vii) the coercivity condition (¥ —CS)

are fulfilled, then the problem M (¥, F;C) has a solution in K.

We consider now the case of problem S(¥,F;C).
Definition 3.1. Let C be a convex set. We say that the set valued map F is ¥ - upper hemicontinuous
on C if for all u,veC the mappig t— F (v+t(u —v)),t [0,1], is upper semicontinuous on [0,1].

Theorem 3.3 We suppose that the conditions (i), (v) are fulfilled together with
(viii) F is ¥ - upper hemicontinuous on Cw.rt ¥,

(ix) W(-v,u) isasemicontinuous mapping for allv,ue C,

(X)  P(xv,u)=t"¥(x,v,u), te[0,1], xe F(v,),r>0.

If problem M (¥,F;C) is solvable, then problem S(¥,F;C) also is solvable. Further, every
solution of M (¥, F;C) also is asolution of S(¥,F;C).

Remark 3.2. The next results are based on Theorems 3.1 and 3.3.

4. MINTY AND STAMPACCHIA TYPE EQUILIBRIUM PROBLEM SYSTEMS - MAIN RESULTS

Relative to the Minty problem M (\P*, F;C) we consider the i-th subproblem. For il and fixed
elements u; €C,, j =1, the Minty equilibrium problem concerning the i-th inequality of M (\If F;C) is

M (¥, F:(u',C,): Find u e Csuchthat forall ve C and forallx e F,(u',v),
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P (%,v,u;)>0.

Now, the solvability of problem M (\P*,F;C) is obtained from the independent solvability of the
components of the equilibrium problems.
Theorem 4.1. Foreach ie {1, 2,..., n} let K; = C; be a compact convex set. Assume that
(xi) for each fixed U e Kj, j#i, problem M (‘PT Fi;(ui,Ci)) is solvable in K; ;
(xii) for each fixed v, eK;, the set valued function u'—F (u',v;) is lower semicontinuous on
K'= Ky x..x K x K, .. x K
(xiii) for any fixed x,v, ¥; (x,v,") is quasiconcave forall ie ;
(xiv) for any fixed v, P; (-,v,") is semicontinuous on X; xC; forall iel.
Then problem M (¥, F;C) has a solution in K, x...xK,.
Theorem 4.2. For each ie{l,Z,...,n} let K; = C, be a compact convex set. Assume that (xi)-(Xxiv)
from Theorem 4.1 are fulfilled toghether with
(xv) i (X, v, ) =t (x,v,u,) for all te[0,1], xe F(u',v), v, =tv+(1-t)u;,7; >0;
(xvi) for any fixed u; € K;, the set valued function v — F, (u',v) is upper semicontinuous on C..
Then problem S (¥, F;C) has asolution in K, x...xK,.

ACKNOWLEDGEMENTS

This work was supported by Grant PN 11 IDEI 112/2007.

REFERENCES

1. DANIILIDIS, A., HADJISSAVAS, N., On the subdifferential of quasiconvex and
pseudoconvex functions and cyclic monotonicity, J. Math. Anal. Appl. 237, pp. 30-42, 1999.
FAN, K., A generalization of Tichonoff's fixed point theorem, Math. Ann. 142, pp. 305-310, 1961.
3. JOHN, R., A note of Minty variational inequalities and generalized monotonicity, Sonder forschungsbereich 303, Rheinische
Friedrich- Wilhelm Universitat Bonn, 1999.
4. KASSAY, G., KOLUMBAN, J., PALES, Z., Factorization of Minty and Stampacchia variational inequality systems, Europ. J.
Oper. Res. 143, pp. 377-389, 2002.
KONNOQV, 1.V., On quasimonotone variational inequalities, J. Optim.Theory Appl. 99, pp. 165-181, 1998.
6. LIN, LJ., YANG, M.F., ANSARI, Q.H., KASSAY, G., Existence results for Stampacchia and Minty type implicit variational
inequalities with multivalued maps, Nonlin. Anal. 61, 1-2, pp. 1-19, 2005.

N

o

Received February 23, 2009



