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This work was intended as an attempt to introduce and investigate the approximate ideal amenability 
of Banach algebras. We show that the approximate ideal amenability and approximate weak 
amenability of matrix Banach algebra 

p (I)E  (1≤p<∞) are equivalent. As a consequence, we prove 

that the convolution Banach algebra L2 (G) is approximately ideally amenable and, further, is ideally 
amenable if and only if G is finite or abelian. 
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INTRODUCTION 

The Banach algebras p (I)E [1, ) {0}p∈ ∞ ∪ , were introduced and extensively studied in [5, Section 
28]. Recently amenability of these Banach algebras was studied in [7]. 

The aim of the present paper is to investigate the ideal amenability, and according to the work of F. 
Ghahramani and R. J. Loy [4], approximate ideal amenability of Banach algebras p (I)E (1 )p < ≤ ∞ . 

The organization of this paper is as follows. The preliminaries and notations are given in section one. 
In Section two, among the other results, we prove that the matrix Banach algebras ( ) (1  < )p I p≤ ∞E  are 
approximately ideally amenable. Finally, section three is devoted to find some results for ideal amenability 
and approximate ideal amenability of certain Banach algebras on compact groups. 

1. PRELIMINARIES 

For a Banach algebra A , an A – bimodule will always refer to a Banach A –bimodule X, that is a 
Banach space which is algebraically an A – bimodule, and for which there is a constant X, 0>AC such that 

. , . ,Xa x x a C a x≤ A      ( , X).a x∈ ∈A  

The Banach space X∗  with the dual module multiplications defined by  

(f.a)(x) = f (a.x) and (a.f)(x) = f(x.a)   (a∈A , f ∈ ∗X , x X∈ ),  

is a  Banach  A – bimodule which is called the dual Banach A – bimodule. 
A Banach algebra A  is always a Banach A  – bimodule with the product of A . An approximate 

identity for A  is a net ( )eα α  in A  such tht for each a∈A , lim  . lim  e a  a.e a= =α α α α . A derivation from 
A  into an A  – bimodule X is a bounded linear map D, such that D (ab) =D (a).b+a.D (b), for all a,b∈A . 
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if x∈X,  then : Xxad →A  defined by ( ) . .  ( )xad a a x x a a= − ∈A , is a derivation. Such derivations are 

called inner. Denote by 1Z (A ,X) the space of all continuous derivations from A  into X and by 1N (A ,X) 
the space of all inner derivations from A  into X. Then 1N (A , X) is a subspace of 1Z (A , X). The quotient 
space 1H (A , X)= 1Z (A , X)/ 1N (A , X) is called the first cohomology group with coefficients in X.  
 All the amenability theories are related to the question of whether 1H (A , X) = {0} for certain X. A 

Banach algebra A  is said to be contractible or super amenable if 1H (A ,X) ={0} for all Banach A  – 
bimodules X, amenable if 1H (A , X∗ ) ={0} for all Banach A  – bimodules X, weakly amenable if 

1H (A , ∗A ) ={0}, and ideally amenable if 1H (A , I∗ ) ={0} for every closed ideal I of A . For more 
information we refer the reader to [6,1,2]. 

A derivation D : →A X is approximately inner, if there exists a net ( αξ )⊂X such that for every 
a∈A , D(a)= lim ad

αα ξ (a), the limit being in norm. A Banach algebra A  is called approximately weakly 

amenable if each D∈ 1Z (A , ∗A ) is approximately inner [4]. 
Let H be a finite dimensional Hilbert space of dimension n, and let B(H) be the space of all linear 

operators on H. Clearly we can identify B(H) with n ( )M C (the space of all n×n-matrices on C ). For 

nA ( )∈M C , let nA ( )∗ ∈M C  by (A ) A (1 )ij ij i, j n∗ = ≤ ≤ , and let |A| denote the unique positive-definite 

square root of AA∗ . A is called unitary, if A A∗ = AA∗ = I, where I is the n×n-identity matrix. For 
E∈B(H), Let ( 1λ ,…, nλ ) be the sequence of eignvalues of operator |E|, written in any order. 

Define E
∞ϕ

=max{ iλ :1≤ i≤ n}, and E
pϕ

=
1

( )
pn p

ii=1
λ∑  (1≤ p≤ ∞ ). For more details see 

Definition [5, D.37] and Theorem [5, D.40]. 
Let I be an arbitrary index set. For each i∈I, let Hi  be a finite dimensional Hilbert space of dimension 

di , and let ia ≥ 1. The *-algebra B(H )ii I∈∏  will denoted by (I)E ; scalar multiplication, addition, 

multiplication and the adjoint of an element are defined coordinatewise. Let E = ( Ei ) be an element of (I)E . 
For 1≤ p≤ ∞ , define 

pE =
1

i ii
E

p

p p

I
a

∈ ϕ

 
 
 
∑  ,  

and  

E
∞

= sup { E
∞ϕ

:i∈I}.  

Let p (I)E  be the set of all E∈E (I) for which pE <∞ , and 0E (I) be the set of all E∈E (I) such that 

{i∈I: Ei
∞ϕ
≥ e} is finite for all e > 0. By [5, Theorems 28.25, 28.27, and 28.32(v)], both ( p (I)E ,

p
. ) 

(1≤ p<∞ ), and ( p (I)E , . 
∞

) are Banach algebras. 

Let G be a compact group with dual Ĝ  (the set of all irreducible representations of G). For each 
π ∈ Ĝ , let Hπ  be the representation space of π . The algebras p

ˆ(G)E  for p∈[1, ∞ ), are defined as above 

with each aπ equal to the dimension dπ  of π ∈ Ĝ  [5, Definition 28.34]. 

For a locally compact group G and a function f: G→C , f
∨

 is defined by f
∨

(x) = f ( 1x− ) (x∈G). Let 
A(G) (or with the notation K (G) defined in [5,35,16]) consist of all functions h in 0C (G) which can be 

written in at least one way as 
1

gn nn
f

∨∞

=
∗∑ , where nf , 2Lng ∈ (G) and 21 2

gn nn
f

∞

=∑ <∞ . For h∈A (G), 

define 
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A(G)h = inf 21 12
f : h = fn n n nn n

g g
∨∞ ∞

= =

 ∗ 
 
∑ ∑ .  

Recall that (A (G), A(G). ) is a compact group, A (G) under convolution product and the norm 
A(G)

.  

defines a Banach algebra which is isometrically algebra isomorphic with 1
ˆ(G)E  [5, Theorem 34.32]. 

2. IDEAL AND APPROXIMATE IDEAL AMENABILITY  
OF CERTAIN MATRIX ALGEBRAS 

In this section, we follow F. Ghahramani and R. J. Loy [4] to define the concept of approximate ideal 
amenability. 

Definition 2.1. A Banach algebra A  is called approximately ideally amenable if, for any closed ideal I 
of A , every derivation D: A I∗→  is approximately inner. 

Remark 2.2. It is clear that each ideally amenable Banach algebra A  is approximately ideally 
amenable. Furthermore, for a commutative Banach algebra A , ideal amenability and approximate ideal 
amenability are equivalent. 

Throughout the paper for A ( )
id∈ M C  we define Ai  as an element of (I)E  by  

A for
(A )

0 otherwise
i

j
 j=i

.


= 


  

Let T  be a closed ideal of p (I)E . Define  

iT = { A ( )
id∈ M C : A∃ ∈� T  s.t. Ai

� =A}.  

The reminder of this section will be devoted to investigate approximate ideal amenability of p (I)E  for 
1≤ p<∞ . 

Lemma 2.3. Let T  be a closed ideal of p (I)E , then iT = 0 or iT  = ( )
idM C .  

Proof. Let B ( )
id∈ M C . Clearly Bi ∈ p (I)E . For A∈ iT , there exists A� ∈ T  such that Ai

� =A and 

since T  is an ideal of p (I)E , then ABi� ∈ T . But (AB )i
i

� =AB, hence AB∈ iT . This implies that iT  is an 

ideal of ( )
idM C . We know that ( )

idM C  is simple, therefore, iT  = 0  or iT  = ( )
idM C . 

 
Corollary 2.4. Each ideal of p (I)E  (1≤ p<∞ ) is of the form p (I )′E  where 

i
I { I : ( )}i di′ = ∈ = M CT . 

Notation. Throughout the rest of the paper for 1≤ p<∞ , let q denote the exponent conjugate to p, that 

is 
1
p

+
1
q

=1 . For p = 1, let q = 0 (no ∞ ). 

Remark 2.5. By [5, Theorem 28.32], p (I)E  is a Banach p (I)E –bimodule with the product of (I)E . Also 
by [5, Theorem 28.31], the mapping T: p (I)E q (I)∗→E  given by  

( )B, T A >< = tr(B A )i i ii I
a

∈∑    (A∈ p (I)E , B∈ p (I)E ),  

is an isometric Banach space isomorphism. Then p (I)E  can be identified with the dual Banach q (I)E -

bimodule q (I)∗E  with the product of (I)E . 

According to the above remark and corollary 2.4, we have:  
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Corollary 2.6. Let T  be a closed ideal of p (I)E  (1≤ p<∞ ). Then ∗T  is a Banach q (I)E -bimodule 

with the product of (I)E  isomorphic with kq (I )′E ⊆ q (I)E  where kq (I )′E = {A∈ q (I)E : Ai = 0 (i I′∉ )}. 

We are thus led to the following main result. 
 
Theorem 2.7. For each 1≤ p<∞ , the Banach p (I)E  is approximately ideally amenable. 

Proof. Let I be a closed ideal of pE (I) and D: pE (I) ∗→ T be a continuous derivation. By corollary 2.6, 
∗T =kq (I )′E  and we can consider D: pE (I) →  kq (I )′E . Fix i ∈I and let Ii  be the identity element of ( )

idM C . 

It is easily seen that Ii  is a central idempotent in pE (I) and hence by [1, Proposition 1.8.2(ii)], D( Ii )=0. 

From this we have  

D(A Ii ) = D(A) Ii + AD ( Ii ) = D(A) Ii ,  

and thus D ( ( )
idM C ) ⊆ ( )

idM C . Now define Di : ( )
idM C ( )

id→ M C  by Di (A) = (D(A ))i
i  for each 

A∈ ( )
idM C  Of course Di  is a well–defined continuous derivation. By super amenability of ( )

idM C  

[1, theorem 1.9.21], there exists  E∈ ( )
idM C  such that Di =

iEad . For each finite set F of I define FI  by  

F(I )i =
I for
0 otherwise.

i   i  F
   

∈



  

If F = {F ⊆  I: F is finite}, then F  is a directed set with  

1F 2F≤  if and only if 1F 2F⊆ .  

Recall that F F(I )  is an approximate identity for pE (I) [7, Theorem 4.3]. Now for each finite set F of  I′  
we define 

F(E )i =
E for
0 otherwise.

i     i  F
     

∈



  

Let A∈ pE (I). For i∈F, 

D(A FI )i  = (D( Ai
i ) )i = D (A )i i = F FA E E A (AE E A)i i i i i− = −  ,  

and  for  i∉F, 

D(A FI )i  = 0 = F F(AE E A)i− ,  

this clearly forces  

D(A FI )i = F FAE E A− .  

Then  

D(A) = D( F Flim AI )= F Flim D(AI ) = F F Flim (AE E A)− .  

But F(E ) ⊂  q (I )′E , and accordingly pE (I) is approximately ideally amenable.     

Example 2.8. Let I be an arbitrary set. For 1≤ p<∞ , pA (I)  with pointwise multiplication  is  equal  to  

pE (I), whenever for  each i∈I  we take Hi =C  and ia  = 1. Therefore by the above theorem ( pA (I) , . ) is an 

approximately ideally amenable Banach algebra.  
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3. APPLICATIONS TO COMPACT GROUPS 

Let G be a compact group, and λ  be the normalized Haar measure on G, then the function space 
2L (G,λ) = 2L (G)  is a Banach  algebra  under  convolution product.  For more information see [5, Theorem 

28.46].  In this section we present some applications of theorem 2.7, to a number of interesting convolution 
Banach algebras on compact groups. 

 
Corollary 3.1.  Let G be a compact group. Then the Banach algebra 2L (G,∗ ) is approximately ideally 

amenable. 
 
  Proof. Note that by [5, Peter–Weyl theorem 28.43], the Banach algebra 2L (G) is isometrically 

algebra isomorphic with 2
ˆ(G)E . Now by theorem 2.7, 2

ˆ(G)E  and accordingly 2L (G) is approximately 
ideally amenable. 

 
Corollary 3.2. Let G be a compact group. Then the Banach algebra (A(G),*) is approximately ideally 

amenable. 
 
Proof. As noted in the introduction, A(G) is isometrically algebra isomorphic with 1

ˆ(G)E  and by 
theorem 2.7, the rest is evident. 

 
Theorem 3.3. Approximate ideal amenability (resp. ideal amenability) and approximate weak 

amenability (resp. weak amenability) of pE (I) (1≤ p<∞ ) are equivalent.  

 
Proof. Suppose that pE (I), is approximately weakly amenable. If T  is a closed ideal of pE (I), so by 

corollary 2.6, ∗T  =kq (I )′E . Let D: pE (I) k
q (I )′→E q⊆E (I) be a continuous derivation. Define pD:� E (I) 

q→E (I) by D(A) D(A) (A= ∈�
pE (I)). 

 Since pE (I) is approximately weakly amenable, then there exists (E )α ⊆ qE (I) such that 

D(A) lim (AE E A)α α α= −�  for all pA∈E (I). Define 

(E )iα
� =

(E ) for I
0 otherwise

i     i  
      .
α ′∈




  

Clearly Eα ∈� k
q (I )′E = ∗T . Now if i I′∈  

(AE E A) A (E ) (E ) A A (E ) (E ) A (AE E A)i i i i i i i i i iα α α α α α α α− = − = − = −� � � � .  

Further, if Ii ′∉ , 
(AE E A) 0iα α− =� � ,  

and hence lim (AE E A) 0iα α α− =� � . From D( pE (I)) kq (I )′⊆E  we have (D(A) ) 0i =  (i I′∉ ). Then for i I′∉ , 

0 (D(A) ) lim(AE E A) lim(AE E A)( )i i iα α α αα α
= = − = −   

and for i I′∉ , 
lim(AE E A) lim(AE E A)i iα α α αα α

− = −� � .  

From this D is approximately inner and pE (I)) is approximately ideally amenable.    

Theorem 3.4.   Let G be a compact group. The following assertions are equivalent: 
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(i) ( 2L (G),*) is ideally amenable. 
(ii) ( 2L (G),*) is weakly amenable. 
(iii) G is finite or abelian. 
Proof. Since 2L (G) = 2

ˆ(G)E , so by theorem 3.3, (i) and (ii) are equivalent. Let G be a finite group, then 

( 2L (G),∗ ) = 2( (G), )∗A = 1( (G), )∗A  But 1( (G), )∗A  is weakly amenable and so (iii) implies (ii). 
Let G be an abelian group. By corollary 3.1, 2L (G) is approximately ideally amenable and hence each 

derivation D: 2L (G) 2 (G)L ∗→  is zero. This means that (iii) implies (ii). 
Let G be an infinite and non–abelian group. Then there exist x, y∈G such that xy≠ yx. The mapping    

Dx : 2L (G) 2 (G)L ∗→  defined by  

2D ( ) ( (G))x x xf f  f   f L= δ ∗ − ∗δ ∈ ,  

is a non-inner derivation. To see this we refer the reader to [3, Remark 3.2]. Therefore, (G) is not weakly 
amenable. This proves that (ii) implies (iii).    

 
Corollary 3.5. Let G be a non-abelian infinite group. Then ( 2L (G),∗ ) is an approximately ideally 

amenable Banach algebra which is not ideally amenable. 
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