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Let G be alocally compact group, ® be a weight function on G and 1< p <o . In the present note,
it is proved that L” (G ,») can be considered as a Segal algebra or an abstract Segal algebra with

respect to ! (G) ,just when G is compact.
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1. INTRODUCTION AND PRELIMINARIES

Throughout the paper G is a locally compact group, all integrals are taken with respect to a fixed left
Haar measure A and 1< p <o . We call any positive Borel measurable function ® on G a weight function. It

is called locally summable if o € ! (A) , for each compact subset 4 of G with positive measure. For xe G,

define the function 0, on G by

0,(y)=—2)  (yeq).

By a weight of moderate growth, we mean o with 8, € L* (G), for all xe G ; that is

(1)

()

The space L” (G, o) with respect to A is the set of all complex valued measurable functions f on

< o0

L, =|6,|l,,=esssup ;

G such that f we L? (G), the usual Lebesgue space as defined in [7]; we denote this space by /7 (G, w),
o> defined by || f

|, o=l f ol ,foreach feL?(G, o). The dual space of L (G, o) is the Banach space L (G, oa‘l) of all

where the case G is discrete. Then 17 (G, o) is a Banach space with the norm || . ||

functions g on G with g ~' € L (G) under duality
(/.20 =[ f(x)g(x)dn(x),
G

for all fel”(G, ®) and gelL? (G,m‘l), where ¢ 1is the exponential conjugate of p defined by

p~'+g7' =1. For measurable functions / and g on G, the convolution multiplication

fre(x)=]r(»)e(y'x)dr(y)
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is defined at each point x € G for which this makes sense.
A linear subspace S (G) of the convolution group algebra L' (G) is said to be a Segal algebra if it
satisfies the following conditions:

() S(G) is dense in L' (G);

(i) S(G) is a Banach space under some norm ||.|| ) and || ||, <|| f || 5(6)» for each f" € S(G);

(iii) S(G) is left translation invariant; i.e. || _f ||S(G)=||f I 5(6) forall xe G and f € S(G), and the
map x> f from G into § (G) is continuous, where 1 (y): f (xy) forall yeG.

Let (A, ||.|l ,) be a Banach algebra. Then (B, ||.]| ;) is an abstract Segal algebra with respect to (A ,
1) i :

(7) Bisadense leftideal in A and B is a Banach algebra with respect to ||.|| ;.

(if) There exists M > 0 such that || /|| , <M || f'|| 5, foreach f € B.

(iii) There exists C > 0 such that || fg || ,< C|| f|| ;|| gl foreach f € 4 and g€ B.

We take it as known that, L” (G) is a Segal algebra and so an abstract Segal algebra with respect to
LI(G), when G is compact. It has been studied a lot of topological and algebraic properties related to

L’ — spaces and weighted L7 — spaces, as well; see [1, 10, 2] and [9]. Also, recently in [3], the author in a
joint work with R. Nasr Isfahani and A. Rejali, have verified the convolution properties on L7 (G , o).
The main purpose of this work is giving a necessary and sufficient condition for L (G, ®) to be a

Segal algebra and also an abstract Segal algebra with respect to L (G)

2. MAIN RESULTS

Before proceeding to the proof of the main theorem, we turn our attention to this fact that when
L» (G, co) is a Banach left L' (G)—module. It provides us with a useful tool to be used in our main result. We

state here the following proposition, for later use. The way of the proof of [9, Theorem 3.1] helps us to prove
it.

PROPOSITION 1.1. Let G be a locally compact group, 1< p <0 and w be a weight function on G .
If I’ (G ,w) is a Banach left L' (G)—module, then w is of moderate growth.

Proof. Since I’ (G, ) is a Banach left L' (G)-module, it follows that there exists a constant K > 0
such that for each f € I'(G) and g € I” (G , ®) we have

If*gll, <Kl fIlgl,.q

Repeating argument of [9, Lemma 2.1] we conclude that ®” is locally summable. So L’ (G, ®) contains
characteristic functions y,, , for each open neighborhood of the identity element of G with compact closure.
We also have the following inequality, pointwise

A‘(U)XxyV SX}CU >x(XU*l},V’ (11)

for such sets U and V and arbitrary x, y € G . Hence inequality (1.1) implies that

MO i o Wt * X o SK N2 1120 1

and thus
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1%r 1 poo = KM Il e (1.2)

Let x € G be fixed. Since ®” and _ ®” are locally summable, it follows that there exists a family v of

sets of positive measures such that every V' ev contains the identity and every neighbourhood of identity
contains eventually all /' € v and also the following equations hold:

lim,_, (lV) y_[/oa!’ (r) dr(r)=0"(y)
and
lim,_, ﬁ [ or (xr) da(r)=o’(x),

for locally almost all y € G ; see [8, VIII, 1-2]. For such y and any ¢ > 0 for sufficiently small V e v

1 120= | o7 (r) dM(r) < (V) ©”(y) (s+1) (1.3)

w

and

o 150= [ 0 () d2(r) >2(V) ©” () (s +D) 7" (14)

w
Moreover, there exists an open neighborhood U of the identity with compact closure such that
|| XU*lyV || p,w<(1+8 ) || XyV ” p.o°
Inequality (1.2) implies that
|| XxyV ” 0 <K ” XU’lyV || p,0*

Inequalities (1.3) and (1.4) with (1.2) yield the following inequality,

A+e) Pa(r) " o(x)<KAV ) "o (y) 1+e)”

and hence

o()<Ko(y)(+e) 7.
We conclude that

o(x)
o(»)

for locally almost every y . Therefore » is of moderate growth.

<K,

Remark 1.2.

(1) Following, we certainly need to consider only those ® with L” (G ,0)c L (G) That is, if f isa
measurable function on G with fwe L’ (G), then we need that f el (G) So, if gel” (G), then
f=go'el’(G,w),soweneed that
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It is standard that this is equivalent to » ' € L (G) So, we shall henceforth assume that o is a weight
function on G withw ™" e L (G)

(2) Let us to an easier proof for Proposition 1.1, where ® ' € Lf (G) By part (1) of the present remark,
I’ (G ,») can be considered as a subspace of L' (G) It is known that o is of moderate growth if and only if
I’ (G ,w) is left translation-invaraint; and to prove the result, take f € I’ (G ,») and a bounded

approximate unit (e,) . of L (G) Then for any x€ G, || ,e, * f — . f|,—>0(,f means left translation

aeA

of f by x). From the other hand, the net e  * f has a subnet converging weakly to g € I (G ,0). It
follows that g = f and so , f € L” (G ,»). Consequently, o is of moderate growth [4, Theorem 1.13].

(3) The preceding part confirms that for the case where @ ' € L? (G), if L7 (G ,o) is a left ideal in
L (G), then ® is of moderate growth.

THEOREM 1.3. Let G be a locally compact group, 1< p < and @ be a weight function on G such
that ™' € L (G) Then the following assertions are equivalent:

(i) I’ (G ,0) is a left ideal in L' (G)

(it) G is compact, o is locally summable and of moderate growth.

Proof. (i) = (ii). Let g € I’ (G ,») be fixed. For a bounded net (fl) in L (G), (f, * g)l. is a bounded
net in I” (G ,0) and since L7 (G ,m) is reflexive, it follows that there exists a subnet (fj) of ( fl) and

l

he L’ (G ) such that f, *g —> h, in the weak topology of L” (G ,w). Since L* (G)c L (G, 0! ), thus
ﬂ/ % g — h in the weak topology of L (G) So multiplier 7 : L' (G)—) L (G) defined by f— f*gis
weakly compact and hence G is compact by [6, Theorem 3.1]. Thus for each f e L’ (G ,0),
xe * f € L' (G ). Since

1o (x)=[F()ar(0)  (xeC).

G

hence o € L (G) and so o and ®” are locally summable by compactness of G . Thus Remark 1.2 implies

that o is of moderate growth. For (ii) = (i), recall that every weight function that is locally summable and of
moderate growth, is equivalent to a continuous function; see [5]. So ® being nonzero is bounded below away

from zero and bounded above on G . Hence LV (G ,0)= L (G) and consequently the result follows.
By the elementary definitions of abstract Segal algebras, if L (G ,®) is an abstract Segal algebra with

respect to L' (G), then it is a left ideal in L' (G) and so G is compact, o is locally summable and of moderate

growth, by Theorem 1.3.
We state here the following equivalences, that is interesting in its own right.

COROLLARY 1.4. Let G be a locally compact group, 1< p <o and w be a weight function on
G such that o ™' € I (G) Then the following assertions are equivalent:

(i) I (G o) isaleft ideal in L'(G).

(i1) G is compact, o is locally summable and of moderate growth.
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(iii) G is compact and o is equivalent to a continuous function.
(iv) L7 (G ,0) is a Segal algebra.

(v) I (G ,o) is an abstract Segal algebra with respect to L' (G)
(vi) L7 (G ,0) is the usual algebra L” (G)
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