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1. INTRODUCTION 

In the last period the study of the stability of solution maps of optimization problems and variational 
inequalities with perturbing parameters represented an important topic for researchers. In the literature have 
been discussed many aspects of stability, such as semicontinuity, continuity, Lipschitz continuity or some 
kind of differentiability of the solution sets [1–25]. Among them, the continuity of the solution sets is 
required more often in applications. 

The effect of small disturbances on the solution sets of variational inequalities have been investigated 
by many authors, both for scalar case [9, 11, 17] and vector case [2–4, 8, 13–15, 16–19]. Most of the results 
on the stability of solution sets of vector variational inequalities have been obtained assuming that the 
operator is continuous. However, Fang and Li [6] obtained results concerning the upper semicontinuity of 
solution sets for a weak vector variational inequality imposing weaker conditions on the operator. 

In this paper we establish the upper semicontinuity of solution sets for a perturbed weak vector 
variational inequality if the operator is ( ),v η -hemicontinuous and weakly ( ),C η -pseudomonotone. Section 
2 contains the general framework in which we will do the study and the main notions and results that are 
used here. Making certain assumptions on the operator, in Section 3 we will give sufficient conditions for the 
upper semicontinuity of the solution sets of a perturbed weak vector variational inequality. 

2. PRELIMINARIES 

Let X , Y  and W  be Banach spaces, K  a nonempty subset of X , YC ⊂  a pointed closed and 
convex cone with nonempty interior and let Λ  be a nonempty subset of W . Let XXX →×:η  be a 
function and ( )YXLXT ,: →Λ× , where ( )YXL ,  is the space of all linear continuous operators from X  
to Y . The value of a linear operator ( )YXLt ,∈  at Xx∈  is denoted by xt, . Consider the parametric 

weak vector variational inequality corresponding to a parameter Λ∈0λ : ( ( )0ληPWVVI ) find Kx∈  such 
that 

( ) ( )0, , , int   ,   λ η ∉− ∀ ∈T x y x C y K  
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Let ( )0S η λ  denote the solution sets of ( ( )0PWVVI η λ ), that is, 

( ) ( ) ( ){ }0 0: , , , int ,S x K T x y x C y Kη λ = ∈ λ η ∉− ∀ ∈ . 

For ( ),y x y xη = − , we obtain the inequality considered by Fang and Li [6]. Throughout our study, we 
assume that ( )S η λ  is nonempty for each λ  in the neighborhood of 0λ . 

Now, let us recall some basic definitions and their properties. For each 0ε >  and 0λ ∈Λ , denote by 
( )0 ,B λ ε  the open ball with center 0λ  and radius ε , that is, 

( ) { }0 0, : :B λ ε = λ∈Λ λ − λ < ε . 

Definition 1 [1, 12]. A set-valued map : 2 XF Λ→  with Λ=Fdom  is said to be 
i. upper semicontinuous in the sense of Berge (in short, B-usc) at 0λ ∈Λ  if for every open set N  

satisfying ( )0F Nλ ⊂  there exists a 0δ >  such that for every ( )0 ,Bλ∈ λ δ , ( )F Nλ ⊂ . 
ii. lower semicontinuous in the sense of Berge (in short, B-lsc) at 0λ ∈Λ  if for every open set N  

satisfying ( )0 ØF Nλ ∩ ≠  there exists a 0δ >  such that for every ( )0 ,Bλ∈ λ δ , ( ) ØF Nλ ∩ ≠ . 
The application F  is said to be B-lsc (respectively B-usc) on Λ  if F  is B-lsc (respectively B-usc) at 

each point 0λ ∈Λ . F  is said to be B-continuous on Λ  if it is both B-lsc and B-usc on Λ . 
Aubin and Ekeland [1] gave the following equivalent definition for a B-lower semicontinuous function: 

the set-valued map XF 2: →Λ  is B-lsc at 0λ ∈Λ  if and only if for any sequence { }nλ ⊂ Λ  with 

0nλ →λ  and any ( )0 0x F∈ λ  there exists a sequence { } ( )n nx F⊂ λ  such that 0xxn → . 

PROPOSITION 1 [7]. If F  has compact values, then F  is B-usc at 0λ ∈Λ  if and only if for any 
sequence { }nλ ⊂ Λ  with 0nλ →λ  and any ( )n nx F∈ λ  there exists ( )0 0x F∈ λ  and a subsequence { }

knx  

of { }nx  such that 0xx
kn → . 

Definition 2. Let K  be a nonempty convex subset of X , ( )YXLKT ,: →  an operator and 
: K K Xη × →  a function. We say that T  is ( ),v η  -hemicontinuous if for any Kyx ∈,  and [ ]1,0∈t  the 

application ( )( ) ( ), ,t T x t y x y x→ + − η  is continuous at +0 . 

Definition 3. Let K  be a nonempty subset of X , ( )YXLKT ,: →  an operator and : K K Xη × →  a 
function. We say that T  is weakly ( ),C η -pseudomonotone on K  if for any Kyx ∈,  one has that relation 

( ) ( ), , intT x y x Cη ∉−  implies that ( ) ( ), , intT y y x Cη ∉− . 
In the following we give an equivalent result to the Generalized Linearization Lemma given by Yu and 

Yao [23] for the case of problem ( ( )0PWVVI η λ ). 

PROPOSITION 2. Let K  be a nonempty convex subset of X , ( )YXLKT ,: →  an operator and 
: K K Xη × →  a function such that for any Kyx ∈, , ( ) ( ), , 0x y y xη + η =  and 

( )( ) ( ), , ,y y x y x yη + αη = −αη , [ ]0,1∀α∈ . Consider the problems 

(P1) find Kx∈  such that for any Ky∈ , ( ) ( ), , intT x y x Cη ∉− ; 

(P2) find Kx∈  such that for any Ky∈ , ( ) ( ), , intT y y x Cη ∉− . 
Then the following statements hold: 
i. problem (P1) implies problem (P2) if T  is weakly ( ),C η -pseudomonotone; 
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ii. problem (P2) implies problem (P1) if T  is ( ),v η -hemicontinuous. 

REMARK 1. Observe that if the hypotheses of the above proposition are satisfied and if T  is weakly 
( ),C η -pseudomonotone and ( ),v η -hemicontinuous, then problems (P1) and (P2) are equivalent. Also, 
assertion (i) of Proposition 2 holds even in the absence of the conditions regarding the application η . 

3. UPPER SEMICONTINUITY OF SOLUTION SETS OF PROBLEM ( ( )ληPWVVI ) 

In this section we give sufficient conditions for the upper semicontinuity of the application 
KS 2: →Λη , where ( )ληS  represents the solution sets of problem ( ( )PWVVI η λ ) defined in the previous 

section. 

 THEOREM 1. Let K  be a nonempty convex subset of X . If 
i. ( ),T ⋅ λ  is ( ),v η -hemicontinuous and weakly ( ),C η -pseudomonotone on K  for any λ∈Λ ; 
ii.  ( )⋅,xT  is continuous on Λ  for any Kx∈ ; 
iii. η  is continuous in the second argument; 
iv. ( ) ( ) ( ), , ,x y y z x zη + η = η  for any Kzyx ∈,, , 

v. ( )( ) ( ), , ,y y x y x yη + αη = −αη , Kyx ∈∀ , , [ ]0,1∀α∈ , 
then ( )⋅ηS  has compact values and it is B-usc on Λ . 

Proof. Let λ∈Λ . We first prove the compactness of the set ( )S η λ . Consider a sequence ( )nx S η∈ λ  

with xxn → . As ( )nx S η∈ λ , from Proposition 2 we have 

( ) ( ) ( ), , , \ intnT y y x Y Cλ η ∈ − , Ky∈∀ . (1)

As ( ) ( ), ,T y L X Yλ ∈  and η  is continuous in the second argument, we have 

( ) ( ) ( ) ( )lim , , , , , ,n nT y y x T y y x→∞ λ η = λ η  and, since ( )CY int\ −  is a closed set, from (1) we get 

( ) ( ) ( ), , , \ intT y y x Y Cλ η ∈ − , Ky∈∀ . (2)

We apply once again Proposition 2 and obtain 

( ) ( ) ( ), , , \ intT x y x Y Cλ η ∈ − , Ky∈∀ , (3)

that is ( )x S η∈ λ . Therefore ( )S η λ  is a closed set. As ( )S Kη λ ⊂  and K  is a compact set, ( )S η λ  is a 
compact set. 

By Proposition 1 and the compactness of ( )S η λ , to prove that ( )S η λ  is B-usc at λ  it is enough to 

verify that for any sequence { }nλ ⊂ Λ  with nλ →λ  and for any ( )n nx S η∈ λ , there exist ( )0x S η∈ λ  and 

a subsequence { }
knx  of { }nx  such that 0xx

kn → . Let { }nλ ⊂ Λ  be a sequence with nλ →λ . For any 

( )n nx S η∈ λ , we have Kxn ∈  and 

( ) ( ) ( ), , , \ intn n nT x y x Y Cλ η ∈ − , Ky∈∀ .  (4)

Since K  is a compact set, there exist Kx ∈0  and a subsequence { }
knx  of { }nx  such that 0xx

kn → . 
From (4) we get 
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( ) ( ) ( ), , , \ int
k k kn n nT x y x Y Cλ η ∈ − , Ky∈∀   (5)

and, by Proposition 2, we obtain 

( ) ( ) ( ), , , \ int
k kn nT y y x Y Cλ η ∈ − , Ky∈∀ .  (6)

As ( )⋅,yT  and ( ),yη ⋅  are continuous and 

( ) ( ) ( ) ( )0, , , , , ,
k kn nT y y x T y y xλ η − λ η ≤ 

( ) ( ) ( ) ( ), , , , , ,
k k kn n nT y y x T y y x≤ λ η − λ η + 

( ) ( ) ( ) ( )0, , , , , ,
knT y y x T y y x+ λ η − λ η ≤ 

     ( ) ( ) ( ) ( ) ( )0, , , , ,
k k kn n nT y T y y x T y x x≤ λ − λ η + λ η , 

(7)

we get ( ) ( ) ( ) ( )0, , , , , ,
k kn nT y y x T y y xλ η → λ η  as ∞→kn . From the closedness of ( )CY int\ −  and 

from (6) it follows that 

( ) ( ) ( )0, , , \ intT y y x Y Cλ η ∈ − , Ky∈∀ . (8)

Also, by Proposition 2, we have 

( ) ( ) ( )0 0, , , \ intT x y x Y Cλ η ∈ − , Ky∈∀ , (9)

that is, ( )0x S η∈ λ .  
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