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In this work we study the (2+1)-dimensional integrable Gardner equation. The simplified form of
Hirota’s direct method is used to derive multiple kink solutions and multiple singular kink solutions
for this equation.

Key words: (2+1)-dimensional Gardner equation; Hirota bilinear method; multiple kink solutions.

1. INTRODUCTION

The (1+1)-dimensional Gardner equation reads
ut+6Buux+um—%oczu2ux—0, (1)

that combines the Korteweg-de Vries (KdV) equation and the modified KdV (mKdV) equation. For =0,
Eq. (1) reduces to the KdV equation, whereas for =0 it reduces to the mKdV equation. The KdV equation

was complemented with a higher-order cubic nonlinear term of the form uzux to obtain the Gardner

equation (1), which is completely integrable like the KdV equation and the mKdV equation. The function
u(x,t) is the amplitude of the relevant wave mode. Gardner equation is widely used in various branches of

physics, such as plasma physics, fluid physics, and quantum field theory [1-7]. It also describes a variety of
wave phenomena in plasma and solid state physics [5, 6].

Kadomtsov and Petviashivilli [7] extended the KdV equation to obtain the Kadomtsov—Petviashivilli
(KP) equation

(u,+6uu +u ) +u,=0. (2)

Kadomtsov and Petviashivilli [7] relaxed the restriction that the waves be strictly one dimensional, namely
the x-direction of the KdV equation, to derive the completely integrable KP equation (2). The KP equation
describes the evolution of quasi-one dimensional shallow-water waves when effects of the surface tension
and the viscosity are negligible. However, Wazwaz [6] used the sense of Kadomtsov and Petviashivilli of the
relaxation of the restriction that the waves be strictly one dimensional in the Gardner equation, and
introduced the Gardner-KP equation given by

u, +6uu_ +6uu_+u +u_ =0. 3
t x x xxx / x »y ()

The Gardner-KP equation was proved to be integrable. The Lie symmetries, conservation laws, reductions,
and exact solutions via generalized double reduction theorem are computed for the Gardner-KP equation in
[8]. However, in [9], the bifurcation concept was used to handle (3) and explicit parameter expressions of all
types of bounded traveling wave solutions were derived.

In [2, 3], the (2+1)-dimensional Gardner equation was proposed in the integro-differential form

u, +6Buu  +u —%oczuzux +3620'u ,, —3ocu 0 'u, =0, 4)
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where 6% ==£1, o and f are arbitrary constants, and 0 ' is the inverse of 0 , with 0 0.'=0.'0,  =1. The

(2+1)-dimensional Gardner equation (4) was examined in [2,3] by using the inverse scattering theorem and
proved to be a completely integrable equation. In [4], the authors presented the Casorati and Grammian
determinant solutions to the (2+1)-dimensional Gardner equation (4). In [1-3], it was stated that the (2+1)-
dimensional Gardner equation (4) has amazing properties that in appropriate limits it reduces to the KdV
equation, mKdV equation, the Gardner equation, KP equation, and the modified KP (mKP) equation. For
example for o =0, this equation reduces to the KP equation. For =0, it reduces to the mKP equation. For

o.=0 and =0 it becomes the KdV equation [1-3]. For =0 and =0 it becomes the mKdV equation.
For =0, the (2+1)-dimensional Gardner equation becomes the (1+1)-dimensional Gardner equation. We

recall here that all the aforementioned equations are integrable.
The Lax pair [1]-[3] for the (2+1)-dimensional Gardner equation (4) is given by

oy, +v  +touy +Puy=0, (5

v, +4y  +ouy  + (Bau, +%oc2u2 +6Bu — 3000 ['u )y, +

\ ©)
+(3Pu, + Eoc *Bu’? +3Bc0 ['u )y =0.

The compatibility condition [1] between (5) and (6) gives the (2+1)-dimensional Gardner equation (4).
Many kinds of solitons occur for this equation, including pulse-type solitons, positive and negative solitons,
and kinks and table-top solitons [1].

Studies of various physical structures of nonlinear equations had attracted much attention in connection
with the important problems that arise in scientific applications [10-23]. Many powerful methods, such the
Bécklund transformation method, Darboux transformation, Pfaffian technique, the inverse scattering method,
the Painlevé analysis, and the generalized symmetry method are commonly used to integrate nonlinear
evolution equations. The Hirota’s bilinear method [10] and the simplified Hirota method [13], are rather
heuristic and the most commonly used. These approaches possess powerful features that make them practical
for the determination of multiple soliton solutions for a wide class of nonlinear evolution equations. The
computer symbolic systems such as Maple and Mathematica allow us to perform complicated and tedious
calculations.

It is the aim of this work to focus on deriving multiple kink solitons and multiple singular kink
solutions for the (2+1)-dimensional Gardner equation (4). The constraint condition for the existence of
multiple kink solutions will be established. The simplified Hirota’s method, developed by Hereman-Nuseir
[13] will be employed to achieve this goal.

2. MULTIPLE KINK SOLUTIONS

In this section, we will derive multiple kink solutions for the (2+1)-dimensional Gardner equation
u, +6Puu  +u —%oczu u, +30%0'u,, —3ac0;'u, =0, (7
where 0 ' is the inverse of 0 with 0 0'=0.'0, =1, and

@ N =] fyd, ®)

under the decaying condition at infinity.
To get rid of the inverse operator, we use the potential transformation

u(x, y,t)=v _ (x,,1), 9)
that carries (7) to the potential form
v, +06Bv.v _+v —%oc viv, +3c%v , —3acv v =0. (10)

To determine the dispersion relation c¢,, we substitute
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V(x, ¥, t) =e kjxtry—c;t , (1 1)
into the linear terms of (10); we obtain the dispersion relation
. 30°r? .
c,=k; ,
k= (12)
and hence we set the dispersion variable as
3c?r?
0, =kx+ry—(k}+ . ). (13)
The multi-kink solutions of (7), using the Cole-Hopf transformation, are assumed to be
u(x,p,0)=R(In f(x,,0)) (14)
and therefore
v(x,y,0)=R(In f(x,y,1)). (15)

The simplified Hirota’s method admits the use of the auxiliary function f(x,y,¢) for the single kink solution

by

3 362r12
kyx+r y—(ki+ n

S, y,0)=1+e !
Substituting (15) into (10) and solving for R we find
=2,
o

and the kink solutions exist if the coefficients r; satisfy the constraint condition
k(2B —ok,)
r,=——,

i

)

=1,2,---,N.
oo

Based on this result, the dispersion relation (12) becomes

4k (a?k} =30k, +3B7%)

= o , =1,2,-

Using the potential (9) gives the single kink solution

ky(P-ok,) [ 4k.(c2k2-3aBk +3p2)
P D, | ik 1 ’

i

1 oo o2

2k e

1

u(x,y,t)=
klx
all+e

+kl(zﬁ—mkl )}!_[41(1 (o 2k =30k, +3p2 )}

oo a2

For the two kink solutions we set
f,y=1+e’ +e°2.
Substituting these results into (15) we find the two kink solutions given by

) ki(ZBaki)v[Mi(azkiz3a[5ki+3[32)}
2 ke

2
i=1

kl.x
oo o

u(x,y,t)=

2, kQp-ok) 4k (0 2k} -3apk,+382)
X y 2 12

ol 1+ Ze i
i=1

o

For the three kink solutions, we set

fx,y,t) =1+e’t +e%2 +e%.

(16)

(17

(18)

(19)

(20)

21

(22)

(23)
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Proceeding as before, we find the three kink solutions given by
k.(QB-ok;)
k.x+—L Ly

3
ke ™

i=1

4ki(a2ki23a[5ki+3[32)]
11

2

u(x,y,t)=

o

3, k;(2B-ak;) [4ki(a2ki2—3a[5ki+3ﬁz)] ' (24)
X+ ¥ t
i So 2
a 1+Ze
i=1

This shows that the (2+1)-dimensional Gardner equation (7) gives N-kink solutions for finite NV , where
N >1. Based on the obtained results, the general N-kink solutions can be set in the form

N *kl.(Zﬁ—aki)y_[4ki(u2ki2—3cx[3kf+3[32)}
2Zk,.e

ko
* 2
=

1

oo o

u(x,y,t)=

o

N kiR [4ki(a2kl.23a[3ki+3ﬁ2)] ' (25)
X+ V- t
i So 2
o 1+Ze
-1

3. MULTIPLE SINGULAR KINK SOLUTIONS

We will next derive multiple singular kink solutions for the (2+1)-dimensional Gardner equation

u, +6Puu  +u —%azuzux +36%0'u,, —3000 'u =0, (26)

that becomes

v, +6Bv.v

X XX

3
Vo —Eoﬁvam +302vyy —3aov v, =0, 27

upon using the potential
u(x,y,0)=v (x,,1). (28)

The dispersion relation c,, the dispersion variables, the coefficient R, and the constraint condition for
the coefficients r, remain the same, given by

3 2 _2
¢, =k3+ 20 (29)
k;
3 2 _2
0, =kx+ry—(k}+ Gkr’ ), (30)
R=2, (31)
o
and
k, (2B —ok,
p o= K@BZOk) (32)
oo
respectively.

The simplified Hirota’s method admits the use of the auxiliary function f(x,y,t) for the singular kink
solution by

Sy 0)=1-e". (33)
Using the potential (28) gives the single singular kink solution by
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k1x+kl(2|3—ock1)y_ 4k (o 2k -3apk,+3p2) )
2k e * «
_ 1
u(x,y,t)y=— - ; .
L k0B _[4kl(a k2 -3k, +3p )] (34)
(1 + y > !
oll-e i *
For the two kink solutions we set
fx,y,t)=1-e"1 —e2. (35)

This in turn gives the two singular kink solutions given by

) k-Xlkl.(2[3—&1([.)y_{4kl.(a2ki2—3ocﬁki+3[32)}
i oo 2

2Zk €

=

2, kiCBeok, )y_[4ki (@22 -30pk,;+3p2 )]l (36)
1

co 2

o

u(x,yat):_

o

For the three kink solutions, we set
fle,y,t)=1-e’1—e"2 —e" (37)
Proceeding as before, we find that the three kink solutions are given by
3 . ki(2B—akl.)V7
ZZk,.e l -
i=1
3 k‘mki(zﬁ—aki)y[4ki(a2ki2—3a[3ki+352)}

i SO 2
all- Ze
i=1

This shows that the (2+1)-dimensional Gardner equation (26) gives N -kink solutions for finite N,
where N >1. Based on the obtained results, the general singular N-kink solutions can be set in the form

2

4ki(a2ki23aﬁki+3ﬁz)]
t

a

u(x, y,0)=- (38)

o

k.2B-ok .

N - @Bk |
oo
2Zk,.e
i=1

N kieBaky) y_[4ki(a2ki2—3a[3ki+3[32)]l
i*t Y

o2

4ki(a2ki2—3ocﬁki+3[32)]
t

u(x’y’t):_ (39)

co a2

o I—Ze
i=1

4. DISCUSSION

We studied in this work the (2+1)-dimensional Gardner equation proposed by Konopelchenko and
Dubrovsky in [2, 3]. We employed the simplified form of Hirota’s direct method to derive multiple kink
solutions and multiple singular kink solutions. This equation is integrable and can be reduced to other
integrable equations.

REFERENCES

1. A. OSBORNE, Nonlinear ocean waves and inverse scattering transform, Elsevier, Amsterdam, 2010.
2. B.G. KONOPELCHENKUO, Inverse spectral transform for the (2+1)-dimensional Gardner equation, Inverse Problems, 7, pp. 739-753,
1991.



246 Abdul-Majid Wazwaz 6

3. B.G. KONOPELCHENKO, V.G. DUBROVSKY, On the general structure of nonlinear equations integrable by the general linear
spectral problem, Phys. Lett. A, 95, 9, pp. 457461, 1983.

4. G.-FU, and H.-E. TAM, On the (2+1)-dimensional Gardner equation: Determinant solutions and pfaffianization, J. Math. Anal.
Appl., 330, pp. 989-1001, 2007.

5. AM.WAZWAZ, New solitons and kink solutions for the Gardner equation, Commun. Nonlin. Sci. Numer. Simulat., 12, 8,
pp. 1395-1404, 2007.

6. A. M. WAZWAZ, Solitons and singular solitons for the Gardner-KP equation, Appl. Math. Comput., 204, 1, pp. 162—169, 2008.

7. B.B. KADOMTSEV, V.I. PETVIASHVILI, On the stability of solitary waves in weakly dispersive media, Sov. Phys. Dokl., 15,
pp. 539-541, 1970.

8. R. NAZ, Z. ALIL, 1. NAEEM, Reductions and new exact solutions of ZK, Gardner KP, and modified KP Equations via generalized
double reduction theorem, Abstract and Applied Analysis, 2013, 340564, 2013.

9. P. CAL J.-S. TANG, Z.-B. LI, Bifurcation of exact traveling wave solutions for Gardner and Gardner-KP equations, Intern. J of
Appl. Math. and Statistics, 44, /4, pp. 461-468, 2013.

10. R. HIROTA, The Direct Method in Soliton Theory, Cambridge University Press, Cambridge, 2004.

11. H. LEBLOND, H. TRIKI, D. MIHALACHE, Derivation of a generalized double-sine-Gordon equation describing ultrashort-
soliton propagation in optical media composed of multilevel atoms, Phys. Rev. A, 86, 063825, 2012.

12. H. LEBLOND, D. MIHALACHE, Models of few optical cycle solitons beyond the slowly varying envelope approximation, Phys.
Reports, 523, pp. 61-126, 2013.

13. W. HEREMAN, A. NUSEIR, Symbolic methods to construct exact solutions of nonlinear partial differential equations,
Mathematics and Computers in Simulation, 43, pp. 13-27, 1997.

14. A. JAFARIAN et al., Construction of soliton solutions to the Kadomtsev-Petviashvili-Il equation using homotopy analysis
method, Rom. Rep. Phys., 65, pp. 76-83, 2013.

15. A. M. WAZWAZ, Multiple soliton solution for two integrable couplings of the modified Korteweg-de Vries equation, Proc.
Romanian Acad. A, 14, pp. 219-225, 2013.

16. H. TRIKI et al., Shock wave solution of Benney-Luke equation, Rom. J. Phys., 57, pp. 1029-1034, 2012.

17. H. LEBLOND, H. TRIKI, D. MIHALACHE, Theoretical studies of ultrashort-soliton propagation in nonlinear optical media
from a general quantum model, Rom. Rep. Phys., 65, pp. 925-942, 2013.

18. AM. WAZWAZ, Partial Differential Equations and Solitary Waves Theorem, Springer and HEP, Berlin, 2009.

19. AM. WAZWAZ, Multiple-front solutions for the Burgers equation and the coupled Burgers equations, Appl. Math. Comput.,
190, pp. 1198-1206, 2007.

20. AM. WAZWAZ, Multiple-front solutions for the Burgers-Kadomtsev-Petvisahvili equation, Appl. Math. Comput., 200, pp. 437443,
2008.

21. AM. WAZWAZ, Solitary wave solutions of the generalized shallow water wave (GSWW) equation by Hirota’s method, tanh-
coth method and Exp-function method, Appl. Math. Comput., 202, pp. 275-286, 2008.

22. AM. WAZWAZ, Integrable couplings of the Burgers equation and the Sharma-Tasso-Olver equation, Rom. Rep. Phys., 65,
pp. 383-390, 2013.

23. AM. WAZWAZ, The Volterra integro-differential forms of the singular Flierl-Petviashvili and the Lane-Emden equations with
boundary conditions, Rom. J. Phys., 58, pp. 685-693, 2013.

Received January 6, 2014



	ProceedingsA3-2014 PDF-final.pdf



