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Abstract. This paper presents the application of constructal design to the geometry of a morphing 
branched conductivity pathway inserted in a trapezoidal body with a constant heat transfer rate at the 
base. The objective is to study the effect of conductivity ratio of the materials, and the strength of the 
convective cooling on the structure of the embedded pathway, whose geometrical features are 
deduced through constructal design. It is shown that the body global thermal resistance, represented 
by the maximum dimensionless temperature can be minimized by means of a constrained geometric 
optimization, in which the total area of the body remains constant. Five degrees of freedom were 
identified along the lines of constructal theory; three related to the pathway geometry and two related 
to the body geometry. The exploration of the search space was conducted via optimization by a 
genetic algorithm. The results indicate that when the conductivity pathway shape is free to morph, the 
thermal performance is improved according to the constructal principle of optimal distribution of 
imperfection. In addition, two different behaviours in the heat transfer process are identified: one for 
small values of heat transfer coefficient and other for high values. It is reported that the optimal 
pathway geometry changes under different conditions, with the combined system always aiming for 
the configuration that allows more ease for the currents within it. 
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1. INTRODUCTION 

The Constructal law dictates the universal phenomenon of design evolution for both animate and 
inanimate systems. Along with the first and second laws, the Constructal law elevates thermodynamics to a 
science of systems configuration [1–3] that finds application in the search for shapes and structures that 
facilitate flow [4–7], applicable to engineering systems. 

Fins with relatively simple shapes (e.g., T-shape [8], Y-shape [9], and TY-shape [10]) have been 
widely studied in the context of Constructal theory. Moreover, recent studies show the importance of the 
basement body shape on the optimal fin configuration [11, 12]. There have also been significant studies on 
conduction pathways [13] with some notable being the X-shaped [14], phi and psi shaped [15] and V-shaped 
pathways [16]. In counterpart, for fluid flow distribution, similar geometries have been explored [17, 18]. 

In the present work, heat flow in a branched conductivity pathway inserted in a trapezoidal body is 
numerically investigated. The objective is to minimize the global thermal resistance of the system by 
allowing changes in the geometry of the inserted pathway in response to different conductivity ratios of the 
materials and the strength of the convective cooling. The mathematical and numerical models used in this 
study are presented in Sections 2 and 3, respectively, followed by results and conclusion in Sections 4 and 5.  



 Constructal design of branched conductivity pathways inserted in a trapezoidal body 2 298 

2. MATHEMATICAL MODEL 

Figure 1 illustrates the two-dimensional (2D) body under consideration. A branched high conductivity 
pathway (shaded) is inserted within a trapezoidal body of height H (m), and lower and upper base lengths of 
L and ′ L  (m), respectively. The high conductivity pathway is symmetrically located in the trapezoidal body 
and it receives a constant heat rate q1 (W) at the base of the pathway, which has the length of D0 (m). 

Thermal conductivity of the pathway and the 
body are indicated by kf and k0 (W/(m K)), 
respectively. The high conductivity pathway is 
divided into three branches at height Hb (m). 
The extremities of these branches are subject to 
convective cooling at their endpoints, thus they 
work as heat sinks for the system. q1 (W) and 
the convective coefficients h (W/(m2 K)) at the 
end of the branches are known. The heat 
equation, Eq. (1), applies to both the pathway 
and the trapezoidal body: 
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where ρ (kg/m³) is the density, cp (J/ (kg K)) is 
the specific heat, k (W/(m K)) is the thermal 
conductivity, ′ ′ ′ q  (W/m3) represents the 
volumetric heat generation, T (K) is the 

temperature, and x (horizontal), y (vertical) and z represent the Cartesian coordinate of the system. It is 
considered that the problem is 2D, with the third dimension represented by a length W (m), being large 
compared to H, L, and L’ ( ∂

∂z
k

∂T
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⎟ = 0 ). Under steady state, no internal heat generation, and uniform 

material properties, Eq. (1) becomes 
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The boundary condition at − D0

2
≤ x ≤ D0

2
 and y = 0 is −k f D0W

∂T

∂n
= q1 , at the endpoints of the top 

and lateral branches are −kf
∂T

∂n
= hT (T −Tamb)  and −kf

∂T

∂n
= hL (T −Tamb) , respectively, and on the other 

surfaces is ∂T

∂n
= 0  (adiabatic). Tamb, n, hT

 and hL represent the ambient temperature, the normal direction to 

the surface, and the top and lateral branch heat transfer coefficients, respectively. The objective of this 
analysis is to determine geometric parameters of the conductivity pathway (Hb, H1, D0 

 and D1) for a given 
area of the pathway (Ap) and trapezoidal body (A), conductivity ratios (kf/k0), and convective heat transfer 
coefficients (hT

 and hL) that lead to minimum global thermal resistance. Based on the Constructal Design 
approach, the total area (trapezoidal body), and the branched pathway area (Ap) are the constraints. In 
addition, the area fraction is defined by φ = Ap/A.  

The geometrical parameters shown in Fig. 1 and the governing equations are represented in a 
dimensionless form using Eqs. (3), (4) and (5) 

˜ a = a

A1/ 2
, (3)

 
Fig. 1 – Sketch of the branched conductivity pathway inserted in a 

two-dimensional trapezoidal body. 
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θ = T −T0

q1
(kf W )

, (4)

˜ k =
kf

k0

, (5)

where a represents any geometric parameter given in (m). 
Thus, Eq. (2) can be rewritten in its dimensionless form as shown in Eq. (6) with its normalized boundary 

conditions as − ∂θ
∂˜ y 

= 1
˜ D 0

 at −
˜ D 0
2

≤ ˜ x ≤
˜ D 0
2

 and ˜ y = 0, ∂θ
∂ ˜ n 

= −λT θ at the endpoint of the top branch, 

∂θ
∂ ˜ n 

= −λ Lθ at the endpoint of the lateral branches, and ∂θ
∂ ˜ n 

= 0  on the other surfaces (adiabatic), where ˜ n  is 

the dimensionless direction normal to the boundary surface, and λN is defined by Eq. (7), similar to [2].  

∂2θ
∂˜ x 2

+ ∂2θ
∂˜ y 2

=0, (6)

λN = hN A1/ 2

kf

. (7)

Equation (6) with the provided boundary conditions can be solved numerically to obtain the 
temperature field. 

In this work, the endpoints of the lateral branches are subject to convective cooling that is achieved by 
linking the lateral heat transfer coefficients to the top heat transfer coefficient through a linear 
approximation: 

λL (y) = λT (y / H) . (8)

The maximum dimensionless temperature, θmax¸ also represents the global thermal resistance of the 
configuration  

θmax = Tmax −T0

q1
kf W

. (9)

For the purposes of this work, five non-dimensional degrees of freedom were chosen: H/L, L’/L, Hb/H, 
H1/H and D1/D0. For a given φ and these degrees of freedom the system geometry can be fully defined.

3. NUMERICAL PROCEDURES 

The solution was obtained using a finite element approach with non-uniform, triangular elements in 
both x and y directions, implemented in MATLAB using the PDETool toolbox. This method has been 
verified in previous studies of cavities and fins [12, 16]. The appropriate mesh size was determined using 
successive refinements. In each refinement, the number of elements were increased four times until the 
criterion |(θj

max – θj+1
max)/θj

max| < 1×10–4 was satisfied. Here, θj
max and θj+1

max represent the maximum 
dimensionless temperatures calculated using the current and the next mesh sizes, respectively. The results 
presented in the following section were obtained using a mesh composed of approximately 28,000 triangular 
elements, in which the previous criterion was fulfilled. For the geometric optimization presented in this 
paper, a binary, single-objective, elitist genetic algorithm was employed, with a mutation rate of 10% and a 
crossover probability of 80%. The application of genetic algorithm in heat transfer problems has been 
extensively reviewed [19] and, for the sake of brevity, will not be detailed here. 
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4. RESULTS 

Figure 2 illustrates the optimal geometric parameters 
of the conductive pathway and the minimized maximum 
dimensionless temperature (θmax)m change with respect 
to the change in the conductivity ratio ( ˜ k ).  

As expected, (θmax)m decreases monotonically 
with the increase of ˜ k , since the higher conductivity 
material exhibits lower resistance to heat flow. 
Moreover, it is seen that the optimal lateral sink height 
(H1)o of the pathway decreases as the optimal branching 
point (Hb)o decreases, and after the latter reach its 
minimum value, (H1)o changes its behavior and 
increases. The subscript ‘o’ denotes the optimal value 
for the specified parameters, while ‘m’ denotes 
minimized and it is used on the objective function. 
Finally, as ˜ k  increases, the lateral branches increase 
their width (D1) becoming more active in the heat 
removal, but the central branch width (D0) becomes 
smaller. This is because the system adapts itself under 
different conditions, always seeking a way to give more 
and more access to its currents, in this case, the heat 
flow. These behaviors are further illustrated in Fig. 3.  

Besides exploring the effects of thermal 
conductivity ratio ( ˜ k ), effects of the convective heat 
transfer coefficients imposed at the end of the branches 
were investigated. Different values of the top branch 
dimensionless heat transfer coefficient, λT, were tested 
to understand the influence of this parameter over the 
optimal geometry of the conductivity pathway. 
Variability of (θmax)m with respect to λT for different ˜ k  
are shown in Fig. 4. 

As expected, (θmax)m of the system decreases as 
the top branch heat transfer coefficient increases. This 
happens because a higher heat transfer coefficient 
means a higher capacity of the sink to extract heat from 
the system. In addition, it was noticed that for values of 
λT less than 1, the decrease in (θmax)m is small, and after 
this point, the temperature decreases significantly.  

This indicates a change in regime on the system. 
Investigating further on this matter, the optimal 
configurations for different values of λT were analyzed.  

The configurations are illustrated in Fig. 5. There 
are no drastic changes in the optimal configuration or 
temperature with the increase of λT. This reinforces that 
the change observed in (θmax)m arises directly from the 
change in λT. Looking at the definition of λT, it could 
be interpreted as Biot number, and values greater than 

one indicate a predominance of the convection over the internal conduction. At that point, the sinks are more 
effective in removing heat from the base, as it can be observed in Fig. 5d by looking at the gradients near the 
end points of the pathway. 

Fig. 2 – Influence of k over the optimal parameters of the 
conductive pathway. 

 
Fig. 3 – Optimal geometries for different values of k with 

� = 1, λT = 50, L’/L = 0.5 and H/L = 1.0. 

 

Fig. 4 – Influence of the dimensionless heat transfer 
coefficient (λT) over the minimized maximum dimensionless 

temperature (θmax)m of the system for different values of k. 
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The influence of λT on the optimal values of D1/D0 for different values of k~  was also analyzed. The 
results are shown in Fig. 6. 

 
Fig. 5 – Optimal configurations of the system for different values of 

λT, with φ = 0.1, H/L = 1, L’/L = 0.5 and k = 10. 
Fig. 6 – Influence of λT over the optimal lateral and central 

branches ratio (D1/D0)o for different values of k. 

Fig. 6 illustrates that the optimal width (D1) value of the lateral branch increases around the same λT, (≈ 1), 
in which the faster decrease of (θmax)m starts. With a low value of λT, the system opts for a wider central 
pathway and lateral sinks as low as possible. Beyond λT = 1, this behavior changes, and the lateral sinks can 
remove heat effectively even on a relatively lower height, and then they become more important to the heat 
removal process, thus becoming wider and conducting a higher portion of heat throughout the system. 

5. CONCLUSIONS 

After exploring the configuration design space of a high conductivity pathway inserted within a 
trapezoidal body of lower conductivity it is observed that Constructal Design reveals configurations that 
allows more access to the flows within it. This phenomenon, predicted by the Constructal Law, is clearly 
seen in action in the system studied in this work. For this case, the balance between transporting the heat 
through the conductivity pathway or the background body led to structures that minimize the maximum 
dimensionless temperature. This minimization of the maximum dimensionless temperature is also the 
minimization of the thermal global resistance of the system. 

By imposing a function for the lateral heat transfer coefficient dependent on the height, the system 
displays two distinct methods for dissipating the heat. For a small heat transfer coefficient, the system aims 
to dissipate the heat through the main channel of the pathway, while minimizing the area of the lateral 
branches and keeping them relatively low in the system, since they do not have a great influence in the heat 
transfer process. On the other hand, for a higher heat transfer coefficient, the system starts to increase the 
lateral branches and transport more heat through them. This is due to a balance involving the pathway 
conductivity, the heat transfer coefficient and the ratio between the lateral and main branches lengths. 

ACKNOWLEDGEMENTS 

J.C. Ordonez acknowledges partial support from ONR-ESRDC under grant N00014-16-1-2956. 

REFERENCES 

1. BEJAN, A., Advanced Engineering Thermodynamics, John Wiley & Sons, Hoboken, NJ, 2006. 
2. BEJAN, A., Evolution in Thermodynamics, Applied Physics Reviews, 4, 1, p. 011305, 2017. 
3. BEJAN, A., Shape and Structure, From Engineering to Nature, Cambridge University Press, Cambridge, UK, 2000. 



6 Constructal Design of branched conductivity pathways inserted in a trapezoidal body  

4. BEJAN, A., LORENTE, S., LEE, J., Unifying Constructal Theory of Tree Roots, Canopies and Forests, J. Theor. Biol., 254, 3, 
pp. 529–540, 2008. 

5. REIS, A. H., BEJAN, A., Constructal Theory of Global Circulation and Climate, Intl. J. of Heat and Mass Transfer, 49, 11–12, 
pp. 1857–1875, 2006. 

6. MIGUEL, A.F., The emergence of design in pedestrian dynamics: locomotion, self-organization, Walking Paths and Constructal Law, 
Phys. Life Rev., 10, 2, pp. 168–190, 2013. 

7. ORDONEZ, J.C., BEJAN, A., CHERRY, R.S., Designed Porous Media: Optimally Nonuniform Flow Structures Connecting One 
Point with more Points. Intl. J. of Thermal Sciences, 42, 9, pp. 857–870, 2003. 

8. BEJAN, A., ALMOGBEL, M., Constructal T-shaped fins, Intl. J. of Heat and Mass Transfer, 43, 12, pp. 2101–2115, 2000. 
9. LORENZINI, G., ROCHA, L.A.O., Constructal design of Y-shaped assembly of fins, Intl. J. of Heat and Mass Transfer, 49, 23, 

pp. 4552–4557, 2006. 
10. LORENZINI, G., ROCHA, L.A.O., Constructal design of T–Y assembly of fins for an optimized heat removal, Intl. J. of Heat and 

Mass Transfer, 52, 5, pp. 1458–1463, 2009. 
11. BISERNI, C., DALPIAZ, F.L., FAGUNDES, T.M., ROCHA, L.A.O., Constructal design of T-shaped morphing fins coupled with a 

trapezoidal basement: A numerical investigation by means of exhaustive search and genetic algorithm, Intl. J. of Heat and Mass 
Transfer, 109, pp. 73-81, 2017. 

12. BISERNI, C., DALPIAZ, F.L., FAGUNDES, T.M., GARAI, M., ROCHA, L.A.O., Geometric optimization of morphing fins 
coupled with a semicircular heat generating body: A numerical investigation on the basis of Bejan's theory, Intl. Communications 
in Heat and Mass Transfer, 81, pp. 81–91, 2017. 

13. SOUZA, J.A., ORDONEZ, J.C., Constructal Design of High-Conductivity Inserts, Constructal Law and the Unifying Principle of 
Design, 91–111. Understanding Complex Systems, Springer, New York, NY, 2013, Doi:10.1007/978-1-4614-5049-8_6. 

14. LORENZINI, G., BISERNi, C., ROCHA, L.A.O., Constructal design of X-shaped conductive pathways for cooling a heat-
generating body, International Journal of Heat and Mass Transfer, 58, 1, pp. 513–520, 2013. 

15. HAJMOHAMMADI, M.R., ABIANEH, V.A., Moezzinajafabadi, M. Daneshi, M., Fork-shaped highly conductive pathways for 
maximum cooling in a heat generating piece, Applied Thermal Engineering, 61, 2, pp. 228–235, 2013. 

16. Da Sd ESTRADA, E., FAGUNDES, T.M., ISOLDI, L.A., Dos SANTOS, E.D., XIE, G., ROCHA, L.A.O., Constructal Design 
Associated to Genetic Algorithm of Asymmetric V-Shaped Pathways, J. of Heat Transfer, 137, 6, pp. 061010, 2015. 

17. WECHSATOL, W., J.C. ORDONEZ, and S. KOSARAJU, Constructal dendritic geometry and the existence of asymmetric 
bifurcation, Journal of Applied Physics, 100, 11, 2006. 

18. WECHSATOL, W., LORENTE, S., BEJAN, A., ORDONEZ, J.C., Elemental T and Y Shapes of Tree Networks of Ducts with 
Various Cross-Sectional Shapes, J. of Hydraulic Engineering, 13, 52, pp. 132–139, 2009. 

19. GOSSELIN, L., TYE-GINGRAS, M., MATHIEU-POTVIN, F., Review of utilization of genetic algorithms in heat transfer 
problems, International Journal of Heat and Mass Transfer, 52, 9, pp. 2169–2188, 2009. 

302




