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Abstract. In this paper, we study the fractional p(x)-Laplacian problem with variable exponents
(−∆)s

p(.)u(x)+ |u(x)|
q(x)−2u(x) = λ

∂F
∂u (x,u), x ∈Ω,

u(x) = 0, x ∈ ∂Ω.

Where Ω ⊂ RN , N > 2 is a bounded smooth domain, F ∈ C1(Ω×R,R) while λ is a positive parameter and q is a
continuous function on Ω.
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1. INTRODUCTION

Problem involving fractional Laplace operator has been given considerable attention since they are arises
in many fields of sciences, notably the fields of physics, finance, electromagnetism, astronomy, fluid potentials
and fluid dynamics, see [1, 3]. The result about the fractional Sobolev spaces with variable exponent and the
fractional p(x)-Laplacian is obtained in [8, 11].

Let Ω ⊂ RN be a smooth bounded domain. The aim of this work is to study the existence of solutions of
the following nonlocal fractional p(x)-Laplacian problem

L u(x)+ |u(x)|q(x)−2u(x) = λ
∂F
∂u

(x,u), x ∈Ω,

u(x) = 0, x ∈ ∂Ω.

(1)

where q ∈C(Ω) a continuous function, F ∈C1 (Ω×R,R), λ > 0 and the operator L is given by

L u(x) := (−∆)s
p(.)u(x) = P.V.

∫
Ω

|u(x)−u(y)|p(x,y)−2(u(x)−u(y))
|x− y|N+s·p(x,y) dy, x ∈Ω,

where P.V. is a commonly used abbreviation in the principal value sense, 0 < s < 1 and p : Ω×Ω→ (1,∞) is a
continuous function with s · p(x,y)< N for any (x,y) ∈Ω×Ω. In order to have a well defined trace on ∂Ω, for
simplicity, we just restrict ourselves to s · p− > 1, as in the paper [8], where p− = min

(x,y)∈Ω×Ω

p(x,y).

Next, we make the following assumptions
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(H1) F : Ω×R−→ R is homogeneous of degree r, that is,

F(x, tu) = tr(x)F(x,u) for all t > 0,x ∈Ω, u ∈ R.

(H2)
∣∣∣∂F

∂ t
(x, t)

∣∣∣ ≤ CV (x)|t|r(x)−2t, for all (x, t) ∈ Ω×R, where C is a positive constant, V ∈ Ll(x)(Ω), l, r ∈
C(Ω) are such that for all x ∈Ω, we have

1 < r(x)< p(x,x)<
N
s
< l(x) and p(x,x)≤ q(x)< p∗(x) :=

N p(x,x)
N− s · p(x,x)

.

(H3) There exists an Ω0 ⊂⊂Ω with |Ω0|> 0 such that F(x, t)> 0 for all (x, t) ∈Ω0×R∗.

Remark 1. Due to assumption (H1), F leads to the so-called Euler identity,

t
∂F
∂ t

(x, t) = r(x)F(x, t), for all t ∈ R and x ∈Ω. (2)

The fractional p(x)-Laplacian operator was first introduced by Kaufmann, Rossi and Vidal in [8], in which
they established a compact embedding result and they proved the existence and the uniqueness of weak solution
for the following problem 

L u(x)+ |u(x)|q(x)−2u(x) = λ f (x), x ∈Ω,

u(x) = 0, x ∈ ∂Ω.

Provided f ∈ Lα(x)(Ω) for some α(x)> 1.
For a smooth bounded domain Ω in RN , we consider two continuous functions p : Ω×Ω→ (1,∞) and

q : Ω→ R. We assume that p is symmetric and

1 < p− = min
(x,y)∈Ω×Ω

p(x,y)≤ p(x,y)≤ p+ = max
(x,y)∈Ω×Ω

p(x,y)< ∞,

and
1 < q− = min

x∈Ω

q(x)≤ q(x)≤ q+ = max
x∈Ω

q(x)< ∞.

For s∈ (0,1), the fractional Sobolev space with variable exponents via the Gagliardo approach E =W s,q(x),p(x,y)(Ω)
is defined as follows

E =
{

u ∈ Lq(x)(Ω),
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

µ p(x,y)|x− y|N+s·p(x,y) dxdy < ∞, for some µ > 0
}
.

Let

[u]s,p(x,y) = inf
{

µ > 0,
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

µ p(x,y)|x− y|N+s·p(x,y) dxdy < 1
}
,

be the variable exponent Gagliardo seminorm and define

‖u‖E = [u]s,p(x,y)+ |u|q(x),

then (E,‖ · ‖E) is a Banach space. We could get the following properties
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LEMMA 1 (See Lemma 2.1 in [13]).
1. If 1≤ [u]s,p(x,y) < ∞, then

([u]s,p(x,y))
p− ≤

∫
Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|N+s·p(x,y) dxdy≤ ([u]s,p(x,y))
p+ ;

2. If [u]s,p(x,y) ≤ 1, then

([u]s,p(x,y))
p+ ≤

∫
Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|N+s·p(x,y) dxdy≤ ([u]s,p(x,y))
p− .

We denote E0 = W s,q(x),p(x,y)
0 (Ω) the closure of C∞

0 (Ω) in E, then E0 is a Banach space with the norm
‖ · ‖E0 = [u]s,p(x,y). For u ∈W s,q(x),p(x,y)(Ω), we set

ρ(u) =
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|N+s·p(x,y) dxdy+
∫

Ω

|u|q(x)dx (3)

and we have
‖u‖E = inf

{
µ > 0, ρ(

u
µ
)≤ 1

}
. (4)

It’s well known that ‖ · ‖E is a norm which is equivalent to the norm ‖ · ‖W s,q(x),p(x,y)(Ω).

Due to the Lemma 2.2 in [13], (W s,q(x),p(x,y)(Ω), ‖ ·‖E) is uniformly convex and W s,q(x),p(x,y)(Ω) is a reflex-
ive Banach space.

In the following Lemma, we give a compact embedding result into the variable exponent Lebesgue spaces.
For the proof we refer to [8].

LEMMA 2. Let Ω ⊂ RN be a smooth bounded domain and s ∈ (0,1). Let q(x), p(x,y) be continuous
variable exponents with s · p(x,y)< N for (x,y) ∈ Ω×Ω and q(x)≥ p(x,x) for x ∈ Ω. Assume that γ : Ω −→
(1,∞) is a continuous function such that

p∗(x) =
N p(x,x)

N− s · p(x,x)
> γ(x)≥ γ

− = inf
x∈Ω

γ(x)> 1, for x ∈Ω.

Then, there exists a constant C =C(N,s, p,q,r,Ω) such that for every u ∈W s,q(x),p(x,y), it holds that

|u|γ(x) ≤C‖u‖E .

That is, the space W s,q(x),p(x,y)(Ω) is continuously embedded in Lγ(x). Moreover, this embedding is compact. In
addition, if u ∈W s,q(x),p(x,y)

0 , the following inequality holds

|u|γ(x) ≤C‖u‖E0 .

Remark 2. Suppose that q(x) = p(x,x) := p(x,x). Since

1 < p− < p <
N p(x,x)

N− s · p(x,x)
.

It follows that [u]s,p(x,y) is a norm on W s,q(x),p(x,y)
0 (Ω), which is equivalent to the norm ‖ · ‖E on W s,q(x),p(x,y).
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2. BASICS AND TERMINOLOGY

In this section we recall some definitions about the generalized Lebesgue spaces Lp(x)(Ω) and generalized
Sobolev spaces W k,q(x)(Ω), see [7, 9, 10, 12]. Set

C+(Ω) =
{

h; h ∈C(Ω), h(x)> 1 for any x ∈Ω

}
.

For q ∈C+(Ω), we define the variable exponent Lebesgue space Lq(x)(Ω) by

Lq(x)(Ω) =
{

u; u is a measurable real-valued function,
∫

Ω

|u(x)|q(x)dx < ∞

}
.

The Luxemburg norm, on this space is given by the formula

|u|q(x) = inf
{

α > 0,
∫

Ω

∣∣∣u(x)
α

∣∣∣q(x)dx≤ 1
}
.

It’s well known, that (Lq(x)(Ω); | · |q(x)) is a is a separable, uniformly convex Banach space.
(Lq(x)(Ω); | · |Lq(x)) is called a generalized Lebesgue space. Moreover, its conjugate space is Lq′(x)(Ω), where

1
q′(x) +

1
q(x) = 1. For u ∈ Lp(x)(Ω) and v ∈ Lp′(x)(Ω), one has the following Hölder type inequality∣∣∣∫

Ω

u(x)v(x)dx
∣∣∣≤ ( 1

q−
+

1
q′−

)
|u|q(x)|v|q′(x) ≤ 2|u|q(x)|v|q′(x). (5)

An important role in manipulating the generalized Lebesgue spaces is played by the modular of the Lq(x)(Ω)
space, which is the mapping ρp(x) : Lq(x)(Ω)→ R defined by

ρq(x)(u) =
∫

Ω

|u|q(x)dx.

If (un),u ∈ Lq(x)(Ω) and q+ < ∞, then the following relations hold true.

|u|q(x) > 1⇒ |u|q
−

q(x) ≤ ρq(x)(u)≤ |u|
q+

q(x). (6)

|u|q(x) < 1⇒ |u|q
+

q(x) ≤ ρq(x)(u)≤ |u|
q−

q(x). (7)

|un−u|q(x)→ 0 if and only if ρq(x)(un−u)→ 0. (8)

Another interesting property of the variable exponent Lebesgue space Lq(x)(Ω) is the following

PROPOSITION 1 (see [5]) . Let p and q be measurable functions such that p∈ L∞(RN) and 1≤ p(x)q(x)≤
∞, for a.e. x ∈ RN . Let u ∈ Lq(x)(RN), u 6= 0. Then

min
(
|u|p

+

p(x)q(x), |u|
p−

p(x)q(x)

)
≤ ||u|p(x)|q(x) ≤max

(
|u|p

−

p(x)q(x), |u|
p+

p(x)q(x)

)
.

If k is a positive integer number and q ∈C+(Ω), we define the variable exponent Sobolev space by

W k,q(x)(Ω) =
{

u ∈ Lq(x)(Ω) : Dαu ∈ Lq(x)(Ω), for all |α| ≤ k
}
.
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Here α = (α1, ......,αN) is a multi-index, |α|= ΣN
i=1αi and

Dαu =
∂ |α|u

∂
|α1|
x1 ...∂

|αN |
xN

.

On W k,q(x)(Ω) we consider the following norm

‖u‖k,q(x) = Σ|α|≤k|Dαu|p(x).

In this paper, we denote by W k,q(x)
0 (Ω) the closure of C∞

0 (Ω) in W k,q(x)(Ω).
Then W k,q(x)(Ω) is a reflexive and separable Banach spaces. On the other hand if q ∈ C+(Ω) satisfies

q(x)< p∗(x) for any x ∈Ω, the imbedding from W k,q(x)(Ω) into Lp(x)(Ω) is compact and continuous.

LEMMA 3 (see [2]). For all u,v ∈ E0, we consider the following functional I : E0→ E∗0 such that

〈I(u),v〉=
∫

Ω×Ω

|u(x)−u(y)|p(x,y)−2(u(x)−u(y))(v(x)− v(y))
|x− y|N+s·p(x,y) dxdy

then

1. I is a bounded and strictly monotone operator.

2. I is a mapping of type (S+), that is, if un ⇀ u ∈ E0 and limsup
n→+∞

I(un)(un−u)≤ 0, then un→ u ∈ E0.

3. I : E0→ E∗0 is a homeomorphism.

3. MAIN RESULTS

Throughout the paper, the letters C,Ci, i = 1,2, ... denote positive constants which may change from line to

line. In the sequel, denote by l ′(x) the conjugate exponent of the function l(x) and put α(x) :=
l(x)r(x)

l(x)− r(x)
for

any x ∈Ω, we have:

Remark 3. Assume assumption (H2) is fulfilled, then l ′(x)r(x)< p∗(x), α(x)< p∗(x) for all x ∈Ω, so the
embedding E0 ↪→ Ll ′(x)r(x)(Ω) and E0 ↪→ Lα(x)(Ω) are compact and continuous.

Definition 1. We say that u ∈W s,q(x),p(x,y)
0 is a weak solution of (1) if

∫
Ω×Ω

|u(x)−u(y)|p(x,y)−2(u(x)−u(y))(v(x)− v(y))
|x− y|N+s·p(x,y) dxdy+

∫
Ω

|u|q(x)−2u(x)v(x)dx

= λ

∫
Ω

∂F
∂u

(x,u)v(x)dx,

for every v ∈W s,q(x),p(x,y)
0 .

The first result in this paper is the following.

THEOREM 1. Assume hypothesis (H1), (H2) and (H3) are fulfilled. Then, there exists λ ∗ > 0, such that
for any λ ∈ (0,λ ∗) problem (1) has a weak solution.

In the second, we establish that the Euler-Lagrange functional associated to problem (1), has a global
minimizer.
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THEOREM 2. Assume that the hypothesis (H1), (H2) and (H3) are fulfilled. Then for any λ > 0 problem
(1) has a weak solution.

In order to formulate the variational approach of problem (1), we introduce the Euler Lagrange functional
Ψλ : E0→ R, defined by

Ψλ (u) :=
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

p(x,y)|x− y|N+s·p(x,y) dxdy+
∫

Ω

|u|q(x)

q(x)
dx−λ

∫
Ω

F(x,u)dx.

Standard arguments showed that Ψλ ∈C1(E0,R) and for any v ∈ E0

〈Ψ′

λ
(u),v〉=

∫
Ω×Ω

|u(x)−u(y)|p(x,y)−2(u(x)−u(y))(v(x)− v(y))
|x− y|N+s·p(x,y) dxdy

+
∫

Ω

|u|q(x)−2u(x)v(x)dx−λ

∫
Ω

∂F
∂u

(x,u)v(x)dx.

We start with the following auxiliary property.

LEMMA 4. Suppose we are under hypotheses of Theorem 1. Then for all ρ ∈ (0,1), there exist λ ∗ > 0 and
b > 0 such that for all u ∈ E0 with ‖u‖E0 = ρ

Ψλ (u)≥ b > 0 for all λ ∈ (0,λ ∗).

Proof. Since the embedding E0 ↪→ Ll
′
(x)r(x)(Ω) is continuous, then

|u|l′ (x)r(x) ≤C1‖u‖E0 , for all u ∈ E0. (9)

Let us assume that ‖u‖E0 < min(1,1/C1), where C1 is positive constant of(9). Then, we have |u|l′ (x)r(x) < 1,
using Hölder inequality (5), Proposition 1, remark 1 and inequality (9), we deduce that for any u ∈ E0 with
‖u‖E0 = ρ , we obtain

Ψλ (u) =
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

p(x,y)|x− y|N+s·p(x,y) dxdy+
∫

Ω

|u|q(x)

q(x)
dx−λ

∫
Ω

F(x,u)dx

≥
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

p(x,y)|x− y|N+s·p(x,y) dxdy−λC|V |l(x)||u|r(x)|l′ (x)

≥ 1
p+
‖u‖p+

E0
−λC|V |l(x)|u|r

−

l′ (x)r(x)

≥ 1
p+
‖u‖p+

E0
−λC|V |l(x)Cr−

1 ‖u‖r−
E0

≥ 1
p+

ρ
p+−λC|V |l(x)Cr−

1 ρ
r− = ρ

r−(
1

p+
ρ

p+−r−−λC|V |l(x)Cr−
1 ).

By the above inequality, we remark that if we define

λ
∗ =

ρ p+−r−

2p+C|V |l(x)Cr−
1
, (10)

then for any λ ∈ (0,λ ∗) and u ∈ E0 with ‖u‖E0 = ρ there exists b =
ρ p+

2p+
> 0 such that Ψλ (u) ≥ b > 0. The

proof of Lemma 4 is complete.
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The following result asserts the existence of a valley for Ψλ near the origin.

LEMMA 5. There exists φ ∈ E0 such that φ ≥ 0, φ 6= 0 and Ψλ (tφ)< 0, for t > 0 small enough.

Proof. Since the embedding E0 ↪→ Lq(x)(Ω) is continuous, then

|u|q(x) ≤ c‖u‖E0 , for all u ∈ E0. (11)

Moreover, assumption (H2) implies r(x) < p(x,x), for all x ∈ Ω0. In the sequel, denote by r−0 = infΩ0 r(x),
p−0 = infΩ0×Ω0 p(x,y). and q−0 = infΩ0 q(x). Let ε0 such that r−0 + ε0 < p−0 . On the other hand, since r ∈
C(Ω0), there exists an open set B0 ⊂⊂ Ω0 such that |r(x)− r−0 | < ε0, for all x ∈ B0. It follows that r(x) ≤
r−0 + ε0 < p−0 , for all x ∈ B0.
Let φ ∈C∞

0 (Ω) such that supp(φ)⊂ B0 ⊂Ω0, φ = 1 in a subset Ω1 ⊂ supp(φ), 0≤ φ ≤ 1 in B0. we obtain

Ψλ (tφ) =
∫

Ω×Ω

|tφ(x)− tφ(y)|p(x,y)

p(x,y)|x− y|N+s·p(x,y) dxdy+
∫

Ω

|tφ |q(x)

q(x)
dx−λ

∫
Ω

F(x, tφ)dx

≤ t p−0

p−0

∫
Ω×Ω

|φ(x)−φ(y)|p(x,y)

|x− y|N+s·p(x,y) dxdy+
tq−0

q−0

∫
Ω

|φ |q(x)dx−λ

∫
B0

tr(x)F(x,φ)dx

≤ t p−0

p−0

[
max(‖φ‖p+0

E0
,‖φ‖p−0

E0
)+max(cq+0 ‖φ‖q+0

E0
,cq−0 ‖φ‖q−0

E0
)
]
−λ tr−0 +ε0

∫
B0

F(x,φ)dx.

Therefore Ψλ (tφ)< 0, for t < δ
1/
(

p−0 −r−0 −ε0

)
with

0 < δ < min

1,
λ p−0

∫
B0

F(x,φ)dx

max(‖φ‖p+0
E0
,‖φ‖p−0

E0
)+max(cq+0 ‖φ‖q+0

E0
,cq−0 ‖φ‖q−0

E0
)

 .

Since φ = 1 in Ω1, then ‖φ‖E0 > 0, so the proof of Lemma 5 is complete.

Proof of Theorem 1 completed. Let λ ∗ > 0 be defined as in (10) and λ ∈ (0,λ ∗). By Lemma 4 it follows
that on the boundary of the ball centered at the origin and of radius ρ in E0, denoted by Bρ(0), we have

inf
∂Bρ (0)

Ψλ > 0. (12)

On the other hand, by Lemma 5, there exists φ ∈ E0 such that Ψλ (tφ)< 0 for all t > 0 small enough. Moreover,
using Hölder inequality (5), Proposition 1 and inequality (9), we deduce that for any u ∈ Bρ(0) we have

Ψλ (u)≥
1

p+
‖u‖p+

E0
−λC|V |l(x)|u|r

−

l′ (x)r(x).

It follows that−∞ < c := infBρ (0)
Ψλ < 0. Let 0 < ε < inf∂Bρ (0) Ψλ − infBρ (0) Ψλ . Using the above information,

the functional Ψλ : Bρ(0) −→ R, is lower bounded on Bρ(0) and Ψλ ∈ C1(Bρ(0),R). Then by Ekeland’s
variational principle, there exists uε ∈ Bρ(0) such that

c≤Ψλ (uε)≤ c+ ε

0 < Ψλ (u)−Ψλ (uε)+ ε· ‖ u−uε ‖E0 , u 6= uε .
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Since Ψλ (uε) ≤ infBρ (0)
Ψλ + ε ≤ infBρ (0) Ψλ + ε < inf∂Bρ (0) Ψλ , we deduce that uε ∈ Bρ(0). Now, we

define ξλ : Bρ(0) −→ R by ξλ (u) = Ψλ (u)+ ε· ‖ u−uε ‖E0 . It is clear that uε is a minimum point of ξλ and
thus

ξλ (uε + t · v)−ξλ (uε)

t
≥ 0,

for small t > 0 and any v ∈ B1(0). The above relation yields

Ψλ (uε + t · v)−Ψλ (uε)

t
+ ε· ‖ v ‖E0≥ 0.

Letting t→ 0 it follows that 〈Ψ′

λ
(uε),v〉+ ε· ‖ v ‖E0≥ 0, we infer that ‖Ψ

′

λ
(uε) ‖E0≤ ε .

We deduce that there exists a sequence {wn} ⊂ Bρ(0) such that

Ψλ (wn)−→ c < 0 and Ψ
′

λ
(wn)−→ 0E∗0 . (13)

It is clear that {wn} is bounded in E0. Thus, there exists w in E0 such that, up to a subsequence, {wn} converges
weakly to w in E0. Since q(x),α(x)< p∗(x) (see remark 3), we deduce that there exists a compact embedding
E0 ↪→ Lq(x)(Ω) and E0 ↪→ Lα(x)(Ω). Furthermore, we have

{wn}→ w stongly in Lq(x)(Ω) as n→ ∞

and
{wn}→ w stongly in Lα(x)(Ω) as n→ ∞.

For the strong convergence of {wn} in E0, we need the following proposition.

PROPOSITION 2.

i. lim
n→∞

∫
Ω

∂F
∂u

(x,wn)(wn−w)dx = 0.

ii. lim
n→∞

∫
Ω

|wn|q(x)−2wn(wn−w)dx = 0.

Proof.

i. Using Hölder inequality (5) we have∫
Ω

|∂F
∂u

(x,wn)|(wn−w)dx ≤ C1|V |l(x)||wn|r(x)−2wn(wn−w)|l′ (x)

≤ C1|V |Ll(x)(Ω)||wn|r(x)−2wn| r(x)
r(x)−1
|wn−w|α(x).

Now if ||wn|r(x)−2wn| r(x)
r(x)−1

> 1, by Proposition 1, we get ||wn|r(x)−2wn| r(x)
r(x)−1
≤ |wn|r

+

r(x).

The compact imbedding E ↪→ Lr(x)(Ω) ends the proof.

ii. Using Hölder inequality (5), one has∫
Ω

|wn|q(x)−2wn(wn−w)dx ≤ ||wn|q(x)−2wn| q(x)
q(x)−1
|wn−w|q(x).

Now if ||wn|q(x)−2wn| q(x)
q(x)−1

> 1, by Proposition 1, we get ||wn|q(x)−2wn| q(x)
q(x)−1

≤ |wn|q
+

q(x).

The compact imbedding E0 ↪→ Lq(x)(Ω) ends the proof.
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Since Ψ
′

λ
(wn)→ 0 and wn is bounded in E0 we have

|〈Ψ′

λ
(wn),wn−w〉| ≤ |〈Ψ′

λ
(wn),wn〉|+ |〈Ψ

′

λ
(wn),w〉|

≤ ‖Ψ′

λ ,(wn)‖E∗0‖wn‖E0 +‖Ψ
′

λ
(wn)‖E0

∗‖w‖E0 .

Moreover, using Proposition 1, we get

lim
n→∞
〈Ψ′

λ
(wn),wn−w〉= 0.

There for,

lim
n→∞

I(wn)(wn−w) = 0.

Where I was defined in Lemma 3 which ensures that {wn} converges strongly to w in E0. Since Ψλ ∈C1(E0,R),
we conclude

Ψ
′

λ
(wn)→Ψ

′

λ
(w), as n→ ∞. (14)

Relations (13) and (14) show that Ψ
′

λ
(w) = 0 and thus w is a weak solution for problem (1). Moreover, by

relation (13), it follows that Ψλ (w)< 0 and thus, w is a nontrivial weak solution for (1). The proof of Theorem
1 is complete.

Proof of Theorem 2. Using Hölder inequality (5) for ‖u‖E0 > 1, we have

Ψλ (u) =
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

p(x,y)|x− y|N+s·p(x,y) dxdy+
∫

Ω

|u|q(x)

q(x)
dx−λ

∫
Ω

F(x,u)dx

≥ 1
p+
‖u‖p−

E0
−λ max

(
C|V |l(x)|u|r

−

l′ (x)r(x),C|V |l(x)|u|
r+

l′ (x)r(x)

)
≥ 1

p+
‖u‖p−

E0
−λ max

(
C|V |l(x)Cr−

1 ‖u‖r−
E0
,C|V |l(x)Cr+

1 ‖u‖r+
E0

)
.

Since r+ < p−, so Ψλ (u)→+∞, as ‖u‖E0 →+∞. As a conclusion, since Ψλ is weakly lower semi-continuous
then it has a global minimizer which is solution of problem (1), moreover Lemma 5 ensures that this minimizer
is nontrivial, which ends the proof.
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