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Abstract. In this paper, we study the fractional p(x)-Laplacian problem with variable exponents
(—A)5 @) + ()70 2u(x) = A% (vw),  xeQ,
u(x) =0, x€IQ.

Where Q C RV, N > 2  is a bounded smooth domain, F € C 1(Q x R,R) while A is a positive parameter and ¢ is a
continuous function on Q.
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1. INTRODUCTION

Problem involving fractional Laplace operator has been given considerable attention since they are arises
in many fields of sciences, notably the fields of physics, finance, electromagnetism, astronomy, fluid potentials
and fluid dynamics, see [[1,[3]. The result about the fractional Sobolev spaces with variable exponent and the
fractional p(x)-Laplacian is obtained in [8}/11]].

Let @ C R" be a smooth bounded domain. The aim of this work is to study the existence of solutions of
the following nonlocal fractional p(x)-Laplacian problem

Lu(x) + [u(x)|192u(x) = A=—(x,u), x€Q,
ey
u(x) =0, x € Q.

where ¢ € C(Q) a continuous function, F € C! (Q x R,R), A > 0 and the operator . is given by

u(x) — u(y) P2 (u(x) —u
ZLu(x) = (—A)‘;(b)u(x) =P.V./Q| (x) |(i))|y|N+SV[f(x7(y)) (y))dy, x€Q,

where P.V. is a commonly used abbreviation in the principal value sense, 0 < s < 1and p: Q x Q — (1,%0) isa
continuous function with s p(x,y) < N for any (x,y) € Q x Q. In order to have a well defined trace on dQ, for

simplicity, we just restrict ourselves to s- p~ > 1, as in the paper [8], where p~ = ( 1)11%1 5 p(x,y).
X,y)EQX
Next, we make the following assumptions
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(H;) F:Q xR — R is homogeneous of degree r, that is,

F(x,tu) = "™F (x,u) forall t >0,x€ Q, ueR.

JoF _
(Hy) )E(x,t)‘ < CV(x)|t|"™~%, for all (x,1) € Q x R, where C is a positive constant, V € L')(Q), I, r
C(Q) are such that for all x € Q, we have

Np(x,x)

1 <r(x) < plxx) < g <I(x) and p(x,x) < g(x) < p*(x) := N5 p)

(H3) There exists an Qy CC Q with [Qo| > 0 such that F(x,#) > 0 for all (x,7) € Qo x R*.

Remark 1. Due to assumption (Hy), F leads to the so-called Euler identity,

t%f(x,t) =r(x)F(x,t), forallt € R and x € Q. (2)

The fractional p(x)-Laplacian operator was first introduced by Kaufmann, Rossi and Vidal in [8], in which
they established a compact embedding result and they proved the existence and the uniqueness of weak solution
for the following problem

Lu(x) +u()102u(x) = Af(x),  xeQ,
u(x) =0, x € Q.

Provided f € L*™)(Q) for some ot(x) > 1.
_For a smooth bounded domain L in RV, we consider two continuous functions p : Q x Q — (1,0) and
q: Q — R. We assume that p is symmetric and

l<p = min_p(xy) <p(xy)<p"= max p(x,y) <o,
(xr,y)€QxQ (x,y)eQxQ

and

1 < g~ =ming(x) < g(x) < ¢" =maxq(x) < eo.
xeQ x€Q

For s € (0, 1), the fractional Sobolev space with variable exponents via the Gagliardo approach E = W* 4(x),p(x.) (Q)
is defined as follows

ja(x) ~ u(y
QAxQ uP(XJ) X _y’NJrs-p(x,y)

E = {u e L1Y(Q), dxdy < oo, for some > O}.

Let
Ju(x) = u(y) ™)
OxO HP(xv)’) ‘x — y‘N‘H‘p(xv}’)

Uy ey = inf{ °w>0, dxdy < 1},

be the variable exponent Gagliardo seminorm and define
HMHE = [u]s,p(x,y) + |M|q(x)>

then (E, | - ||g) is a Banach space. We could get the following properties
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LEMMA 1 (See Lemma 2.1 in [13]]).
LIf 1< [u]g pxy) < oo then

Ju(x) — u(y)[P) +
p- pt.
(Bs pee))™ = /gxg |x — y|N+splxy) dxdy < (U] pey))”

2. 1If [u p(xy) < 1, then

+ " ux)—u (%)
([u]s,p(x,y))p S/Q ‘ ( ) (y)‘p ’ dXdyS ([M]

xQ | — y[Ntspey) sp(xy))

We denote Ey = W, A0PEY) () the closure of Cy(Q) in E, then Ej is a Banach space with the norm
-l o = [uls pxy)- For u € WHaW-PE3)(Q) we set

plu) = [ ) — )" dvdy+ [ Julfdx 3)

«Q ’x y’N—&-spxy

and we have

e =inf {u >0, p() <1}, 4)

It’s well known that || - [| ¢ is a norm which is equivalent to the norm || - [yy.qt0 0t ()

Due to the Lemma 2.2 in [[13], (W*4®)P02)(Q), || -||) is uniformly convex and W*4():P%) (Q) is a reflex-
ive Banach space.

In the following Lemma, we give a compact embedding result into the variable exponent Lebesgue spaces.
For the proof we refer to [§].

LEMMA 2. Let Q@ C RN be a smooth bounded domain and s € (0,1). Let q(x), p(x,y) be continuous
variable exponents with s - p(x,y) < N for (x,y) € Q x Q and q(x) > p(x,x) for x € Q. Assume that y: Q —
(1,00) is a continuous function such that

() = —PY) §> 12y = inf )>1, for x€ Q.

N—s-p(x,x x€Q
Then, there exists a constant C = C(N,s, p,q,r,Q) such that for every u € Wws:4()-P(3) it holds that
|ty () < Cllulle-

That is, the space W4(%)-P(x) (Q) is continuously embedded in LYY, Moreover, this embedding is compact. In
addition, ifu € WOS 40.p(ey ), the following inequality holds

|uly(x) < Cllul| g,

Remark 2. Suppose that g(x) = p(x,x) := p(x,x). Since

~ ___  Np(xx)
1< <p< —m—.
Po=P=yN_y. p(x,x)
It follows that |u|, ,(,.,) 1S @ norm on WP ey) Q), which is equivalent to the norm £ on WPy,
p(x.y) 0 q
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2. BASICS AND TERMINOLOGY

In this section we recall some definitions about the generalized Lebesgue spaces LP™) (Q) and generalized
Sobolev spaces Wk"’(")(Q), see [7,9,/10|12]. Set

Ci(Q)= {h; h € C(Q), h(x) > 1 forany x Eﬁ}.
For g € C, (Q), we define the variable exponent Lebesgue space L™ (Q) by
L1 (Q) = {u; u is a measurable real-valued function, /Q Ju(x) |9 dx < oo}.
The Luxemburg norm, on this space is given by the formula

_; u(x)
|u‘q(x)—lnf{06>0, /Q’ o

It’s well known, that (LI™)(Q); |- |4(x)) 1s @ is a separable, uniformly convex Banach space.

" < 1}.

(LI (Q); |- | aw ) is called a generalized Lebesgue space. Moreover, its conjugate space is LY ) (Q), where

q,%x) + ﬁ =1.Foru € LP™(Q) and v € Lr'® (Q), one has the following Holder type inequality

1 1
< — —_— / < / .
| ] < (= )l Pl < 2o ol 5)

An important role in manipulating the generalized Lebesgue spaces is played by the modular of the L‘J(">(Q)
space, which is the mapping p,,) : L1 (Q) — R defined by

Pace () = [ Jul .

If (u),u € L9 (Q) and g+ < oo, then the following relations hold true.

- +
|”’q(x) >1= ‘”|Z(x) < pq(x)(”) < |M|Z(x) (6)
. ~
[ulgy < 1= [uld ) < Py (1) < [ul - 9
|tn — u|y(y — O if and only if p, . (uy —u) — 0. (8)

Another interesting property of the variable exponent Lebesgue space L™ (Q) is the following

PROPOSITION 1 (see [S]) . Let p and q be measurable functions such that p € L*(RY) and 1 < p(x)q(x) <
oo, for a.e. x €RN. Let u € LYY (RN), u # 0. Then

: Pt I px) P '
min (017 1)) < 107 gy < max (a2 12 )

If k is a positive integer number and g € C,(Q), we define the variable exponent Sobolev space by

Wk (@) = {u € L9(Q) : D% € LI(Q), for all |a| < k}.
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Here o = (0, ......, Q) is a multi-index, || = XY | o; and

olaly

o oN :
ol gl]

o

On W4 (Q) we consider the following norm
1ellxgx) = Zyeg <l Dt p)-
In this paper, we denote by W(f 4) (Q) the closure of C(Q) in W54 (Q).
Then W54 (Q) is a reflexive and separable Banach spaces. On the other hand if ¢ € C, (Q) satisfies
g(x) < p*(x) for any x € Q, the imbedding from W*4)(Q) into L) (Q) is compact and continuous.

LEMMA 3 (see [2]]). For all u,v € Ey, we consider the following functional I: Ey — E; such that

' () — u(WDIPED=2((x) — u vx) — v
(1(u)’v>:/ u(x) —u(y)| (u(x) —u(y)) (v(x) =v(y))

QxQ |x — y’N‘i'S'P(XJ)

dxdy

then
1. 1is a bounded and strictly monotone operator.

2. I is a mapping of type (S+), that is, if u, — u € Ey and limsup!(u,)(u, —u) <0, then u, — u € Ey.

n—r+-oo

3. 1:Ey — Ej is a homeomorphism.

3. MAIN RESULTS

Throughout the paper, the letters C,C;,i = 1,2, ... denote positive constants which may change from line to
1(x)r(x)

————— for

[(x) = r(x)

line. In the sequel, denote by I’(x) the conjugate exponent of the function /(x) and put a(x) :=

any x € Q, we have:

Remark 3. Assume assumption (Hy) is fulfilled, then I’ (x)r(x) < p*(x), ot(x) < p*(x) for all x € Q, so the
embedding Ey — L' (Q) and Ey — L*¥ () are compact and continuous.

Definition 1. We say that u € WOS AP G 4 weak solution of (1)) if

() — u(y)[PE 2 ((x) — u(y)) (v(x) — v(y)) .
/QXQ |x_y|N+s-p(x,y) dXdy"i_/Q‘”’q() ZM(X)V(X)dx
=i [ 2

5,4(x),p(x.y)
foreveryveW, .

The first result in this paper is the following.

THEOREM 1. Assume hypothesis (Hy), (Ha) and (H3) are fulfilled. Then, there exists A* > 0, such that
forany A € (0,A*) problem (1)) has a weak solution.

In the second, we establish that the Euler-Lagrange functional associated to problem (IJ), has a global
minimizer.
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THEOREM 2. Assume that the hypothesis (Hy), (Hz) and (H3) are fulfilled. Then for any A > 0 problem
has a weak solution.

In order to formulate the variational approach of problem (IJ), we introduce the Euler Lagrange functional
¥, : Ep — R, defined by

Ju(x) — u(y)[Pe) )
W (u) = d
2 (1) /szxsz Pyl —y P T Jo g ()

dx—?L/ F(x,u)dx.
Q

Standard arguments showed that ¥ € C!(Ey,R) and for any v € Ej

W= [ OO ) 0N )

QxQ |x — y\N+S~P(x,y)

+/Q|uW(x)‘2u(x)v(x)dx—3~/Qgi(xa”)v(x)dx-

We start with the following auxiliary property.

LEMMA 4. Suppose we are under hypotheses of Theorem Then for all p € (0,1), there exist A* > 0 and
b > 0 such that for all u € Ey with ||u||g, = p

Y,(u) >b>0  forall A€ (0,A7).

Proof. Since the embedding Ey — L/ 0 (Q) is continuous, then
|l () < Cillull 5y, for all u € Ep. )

Let us assume that ||u||g, < min(1,1/Cy), where C; is positive constant of(9). Then, we have [u], W < 1,
using Holder inequality (5], Proposition [I] remark [T] and inequality (9), we deduce that for any u € Ey with
||lullz, = p, we obtain

- _ p(x.y) q(x)
W) — / Ju(x) —u(y)| dxdy+/ Ju|
axQ p(x,y)x— y[V+sple) o q(x)

dx— l/ F(x,u)dx
Q

|u(x) —u(y) [P r(x
/ gy = ACIV [ e
oxq p(x,y)[x — y[VHsriny

1 v -
= pj”””go_AC|V|l(x)‘”’1’(x),(x)

1 IJJr r r-
> ijullEo—lCIVlszl [l

1 pJr r- A7 r- 1 p*—r’ r
> pjp —ACIV|;»nCi p" =p (pjp —ACIV|;nCT ).

By the above inequality, we remark that if we define
pr=rs
I (10)
2p C]V]l(x)Cl

ot
then for any A € (0,A%) and u € Ey with |ju||g, = p there exists b = gﬁ > 0 such that ¥, (u) > b > 0. The
P

proof of Lemma]is complete. O



7 On a fractional problem with variable exponent 111

The following result asserts the existence of a valley for ¥, near the origin.
LEMMA 5. There exists ¢ € Ey such that § >0, ¢ # 0 and ¥ (t¢9) <O, fort > 0 small enough.

Proof. Since the embedding Eo < L) (Q) is continuous, then
|4 < cl|ullE,, for all u € Ey. (1)

Moreover, assumption (H;) implies 7(x) < p(x,x), for all x € Qq. In the sequel, denote by r, = infg,r(x),
Py = info,x0, p(x,y). and g, = infg, g(x). Let & such that 7, + & < p, . On the other hand, since r €
C(£y), there exists an open set By CC Qg such that |r(x) —r, | < &, forall x € By. It follows that r(x) <
ry +& < p,, forall x € By.

Let ¢ € Ci () such that supp(¢) C By C Qo, ¢ = 1 in a subset Q; C supp(¢), 0 < ¢ < 1in By. we obtain

W) = [ o=t P /wf e

xQ p(x,y)|x — y|Ntsply)

tho 0(x) — ¢ (y)|"* ’y
pO/QxQ |x—y|N+5P x,y) /|¢’q dx — ;L/
tPo

© [max (73, 19117+ max(ctd ||¢HE0,c%u¢H%i>} ~ Ao / F(x.0)dx

)

IN

IN

Therefore ¥, (t¢) < 0, for r < 51/(”545780) with

Apy Jp, F(x,9)dx
+ - N + —
max (|||, 1917 ) +max(ct [|§]|z ¢ |97

Since ¢ = 1 in Qy, then ||¢| g, > 0, so the proof of Lemma 5]is complete. O

0<d<min{ 1,

Proof of Theorem || completed. Let A* > 0 be defined as in and A € (0,A4*). By Lemma[4]it follows
that on the boundary of the ball centered at the origin and of radius p in Ey, denoted by B, (0), we have

inf ¥, >0. (12)
9B,(0)

On the other hand, by Lemma there exists ¢ € Ep such that ¥ (r¢) < 0 for all # > 0 small enough. Moreover,
using Holder inequality , Proposition (1| and inequality @), we deduce that for any u € B, (0) we have

1 -
\PZ( ) pj” HEO )'C|V|l(x)|u|l/(x)r(x)
It follows that —co < ¢ := infz—57 5,0 )‘I’;L <0.Let0 <& <infyp (o) ¥a —infp o) ¥y . Using the above information,

the functional ¥, : B,(0) — R, is lower bounded on B, (0) and ¥; € C'(B,(0),R). Then by Ekeland’s
variational principle, there exists ug € B, (0) such that

c<W(ue) <c+e

0<W)(u)—Y(ueg)+e& || u—uellg, uue.
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Since W) (ue) < infz—5r B, (0 )‘P,l + € <infp (o) ¥ + € < infyp (o) ¥a, we deduce that ue € B, (0). Now, we

define &; : Bp(0) — R by & (u) = 5 (u) + & || u—ue ||, - It is clear that u is a minimum point of &; and
thus

Ealte +1v)— Ealue)
: >

)

for small 7 > 0 and any v € B;(0). The above relation yields

¥ (”8 +1- V) —¥; (ue)
t

+ € H 1% HEOZ 0.

Letting ¢ — 0 it follows that (¥, (u),v) +€- || v || g,> 0, we infer that || ¥, (u¢) ||, < €.
We deduce that there exists a sequence {w,} C B, (0) such that

P (wa) —>c<0 and ¥ (ws) — Og:. (13)

It is clear that {w, } is bounded in Ej. Thus, there exists w in Ey such that, up to a subsequence, {w,, } converges
weakly to w in Ey. Since g(x), ot(x) < p*(x) (see remark [3), we deduce that there exists a compact embedding
Ey — L19(Q) and Ey — L*¥(Q). Furthermore, we have

{wn} — w stongly in LI¥(Q) as n — oo

and
{wn} — w stongly in L*™(Q) as n — co.

For the strong convergence of {w, } in Ey, we need the following proposition.

PROPOSITION 2.
A oF
i. ’}1_r>r010 A a(x,wn)(wn —w)dx=0.

ii. lim / Wil 792w,y (W, — w)dx = 0.

n—e Jo

Proof.
i. Using Holder inequality (5) we have

aF Fix)—
/Q\E(x,wnﬂ(wn—w)dx < C1\V\1(x)\|wn]() ZW"(W"_W)’/(X)

< CilV o g Iwal ™ Wn| 9 [Wn =Wl

Now if |[w,,|"®~2w,| . > 1, by Proposition , we get ||w, |~ wn] e < \wn\
r(x)—1 —
The compact imbedding E — L™ (Q) ends the proof.

ii. Using Holder inequality (5), one has
/Q|Wn‘q(x)7zwn(wn_w)dx < Hwn|q Wn‘ ) |Wn Wl

Now if ||w, |79 2w,| 4o > 1,by Propos1t10n we get |[wa 7972w, | 4 < |Wn|Z(+x)
qx)7 q(0)-1

The compact imbedding Ey < L™ (Q) ends the proof.



9 On a fractional problem with variable exponent 113

Since ‘P;L (wn) — 0 and w,, is bounded in Ej we have

(27 (), W — w)|

IN

(2, (Wa), W) |+ [ (5, (W), w) |
1%, )l wal o + 15, (W)l £y

IN

E; wllE,-

Moreover, using Proposition[I] we get

lim (W), (Wy), wy —w) = 0.

n—soo

There for,

lim I(w,)(w, —w) = 0.

n—oo

Where [ was defined in Lemmawhich ensures that {w, } converges strongly to w in Ey. Since ¥, € C!(Ey,R),
we conclude
¥, (wy) =¥, (w), as n—>oo. (14)

Relations and show that \P;l (w) = 0 and thus w is a weak solution for problem . Moreover, by
relation (T3)), it follows that ¥ (w) < 0 and thus, w is a nontrivial weak solution for (1. The proof of Theorem
[T)is complete.

Proof of Theorem 2} Using Holder inequality (3)) for ||u|g, > 1, we have

Ju(x) — u(y) [Pt / Ju|1) /
7 = dxd dx—2 | F(x,u)d
+ () /an p(xy)fx— yVrple) A ax) o (v u)dx

1 - - +
>l = Amax (CIV a0 €IV i )
1 - - - + +
>l —Amax (€W iyl OV o CF s, )

Since rt < p~, s0 W) (1) — +oo, as ||ul|g, — +oo. As a conclusion, since ¥, is weakly lower semi-continuous
then it has a global minimizer which is solution of problem , moreover Lemmaensures that this minimizer
is nontrivial, which ends the proof.
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