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Abstract. In a previous paper a non conventional model for fluid-saturated porous nanocrystals was derived in the
framework of non-equilibrium thermodynamics introducing in the thermodynamic state vector, as internal variables
describing the porous tubes, a structural permeability tensor a la Kubik, r;;, its gradient, r; ks and its flux, % k-
Here, we work out for nanocrystals with porous channels filled by fluid flow, in the anisotropic and linear case, the
constitutive relations for the stress tensor, the entropy density, the chemical potentials for the concentration of the fluid
and for the porosity field, and the rate equations for r;j, ¥}, the fluid-concentration and the heat fluxes, describing
disturbances propagating with finite velocity. Also, the closure of the system of equations describing the behaviour
of these nanosystems is discussed, presenting the linearized temperature and internal energy equations. The obtained
results may have relevance in important advanced studies on nanostructures, where their porous defects have a direct
influence on mechanical and transport properties, in particular on thermal conductivity. Inside these nanomaterials there
are situations of high-frequency waves propagation and the phenomena are fast.
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1. INTRODUCTION

The description of phenomena accompanying flows of mass in porous structures finds applications in
materials science, such as in miniaturized systems, and also in medical sciences, biology and geology. Here, we
use a thermodynamic approach based on the extended irreversible thermodynamics (see [[1H8]]). The influence of
porous channels on the other fields occurring inside nanocrystals is illustrated by the introduction of a stuctural
permeability tensor a la Kubik [9] (see also [[10]), giving a macroscopic geometrical characterization of a porous
structure, coming from the use of volume and area averaging procedures at microscopic level. Models for porous
media, with some applications, were developed in [[I1H15]. In this paper, using the model formulated in [[11] (see
also [12])), we consider the anisotropic case. Porous channels modify the thermal conductivity. Understanding
their influence on mechanical and transport properties in miniaturized systems is an interesting topic in “defect
engineering”, because by experimental and theoretical studies it was found that the porous density has a minor
effect on the thermal conductivity for porous defects densities smaller than a characteristic value dependent
on the material and temperature, but for higher values, the thermal conductivity decreases, and this situation
influences the nanodevice performances. Nanostructures can present metallurgical defects (for example porous
channels, inclusions, cavities, microfissures, dislocations), that sometimes can self propagate because of some
conditions and surrounding conditions that are favorable. A relatively high temperature gradient could produce,
for instance, a migration of defects inside the system. In [[16-25]], models, with some applications for media
with defects such as piezoelectric, elastic, semiconductor and superlattice structures, were also formulated using
the methods of non-equilibrium thermodynamics and introducing an internal variable, its gradient and its flux,
describing the defects inside the media under consideration. In [26430|] non-equilibrium temperatures and
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heat equation were studied in media with internal variables, in the framework of non-equilibrium thermodynamics.
In this paper we describe the behaviour of nanocrystals with defects, where the rate of variation of the properties
of the system is faster than the time scale characterizing the relaxation of the fluxes towards their respective
local-equilibrium value. In these nanosystems, there are situations of high-frequency waves propagation. Then,
in extended thermodynamics it is essential to incorporates the fluxes among the state variables. Micro- and
nanomaterials are characterized by the property that their volume element size L along some directions is so small
that it becomes comparable (or smaller than) the free mean path [ of the heat carriers (representing the average
distance traveled by the phonons between two successive collisions), i.e. L < [. Then, at this scale the Knudsen
number % is such that é > 1 (see [26]] and [31]). In Sections 2 and 3 in the frame of extended irreversible
thermodynamics with internal variables, a model formulated in [[11]] is presented for media with porous channels
filled by fluid flow, where the geometrical internal structure is described by a structural permeability tensor [9],
its gradient and its flux. The very thin porous tubes can self propagate and influence mechanical and transport
properties of these porous media. In Sections 4, 5 and 6 in the anisotropic and linear case, the constitutive
theory is derived, developing the free energy around a particular thermodynamic equilibrium state, and the
rate equations for the structural permeability tensor, its flux, the heat and the fluid fluxes are worked out,
describing disturbances with finite velocity and fast phenomena. According to the extended thermodynamics
generalized Maxwell-Cattaneo-Vernotte and Fick-Nonnenmacher transport equations for the heat and fluid
fluxes, respectively, are derived, from which it is seen the influence of the porous channels on the transport
properties of the medium. Finally, the closure of the system of equations describing the behaviour of these
media is discussed, presenting the linearized temperature and internal energy equations. The obtained results
have a technological interest in the production of very miniaturized systems (nanotechnology) and the study of
high-frequency processes.

2. A MODEL FOR POROUS NANOCRYSTALS

In this section, we present a model for fluid-satured porous nanocrystals, developed in [[11]), in the framework
of extended irreversible thermodynamics with internal variables, where, among the various descriptions of
porous structures, that one based on the consideration of a structural permeability tensor r;; a la Kubik [9] is
used, and the tensor r;;, its gradient and its flux are introduced in the thermodynamic state vector (see [10]).

The tensor r;; is symmetric and describes a structure of very thin porous channels inside the medium under
consideration [9]. To describe as the porosity field evolves (see [11]), we introduce in the thermodynamic state
vector the structural permeability field r;;, its gradient r;;; and its flux 7;;. We assume that the mass of the
fluid filling the porous channels inside the crystal and the same crystal form a two-components mixture. We
indicate by p; the mass of the fluid transported through the elastic porous solid of density p,. Furthermore,
the fluid flow is described by two variables: the concentration of the fluid ¢ = %, its gradient c; and its
flux j¢. Thus, we have the following expression: p = p; + p>. For the mixture of continua as a whole and
also for each constituent the following continuity equations are satisfied: p +pv;; =0, % + (p1vii),i = hi,
% + (p2v2i) i = h, where a superimposed dot denotes the material derivative, 41 and A, are the source terms,
that in the following are not taken into consideration, vy; and v,; are the velocities of the fluid particles and the
particles of the elastic body, respectively. We introduce the barycentric velocity and the fluid-concentration
flux as follows: pv; = pivii+ pavai, j§ = p1(vii —vi). The thermal field is described by the temperature 7',
its gradient T; and the heat flux ¢;. The mechanical field is described by the symmetric total stress tensor 7;;,
referred to the whole system considered as a mixture, and by the small strain tensor &;; = %(u,-f j+uj;), being u
the displacement vector. We choose the following

thermodynamic vector space C={¢gj,c,T,rij,ji,qi, Vijk,i»Tis Tijic (1)

where we have ignored the viscous effects. The processes occurring inside the considered nanocrystals are governed
by two sets of laws. The first set deals with the classical balance equations (the balance of mass, the momentum
balance and the internal energy balance), having, respectively, the following form:
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pé+ji; =0, pvi—Tjij— fi=0, pé—Tjvij+qii—ph=0, (2
where f; denotes a body force, e is the internal energy density, h is the energy source density, and v; ; is the

gradient of the velocity of the body, given by v; ; = w;; 14 d ,with w;; = ;(vi, j—vji) the antisymmetric part

of v;; and dg” = é(v,-7 j+vji) the symmetric part. In the following f; and A will be neglected.

The second set of laws concerns the evolution equations of the structural permeability field r;;, its flux 7,
the fluid-concentration flux j¢ and the heat flux g;. These rate equations are constructed obeying the objectivity
and frame-indifference principles (see [32]], [33[] and [34]]). Thus, these rate equations are chosen having the
form

* *

rij+ Yips — i (C) =0,  jF—J(C)=0, ¢;—Qi(C)=0,  Vix—Viu(C)=0, 3)

where the symbol (*) denotes the Zaremba-Jaumann derivative defined for a general rank tensor as follows
c*zij,,,m = dij..m — WipQpj..m — Wjplip..m — - - - — WmpQij.. p» Zij(C) is the source-like term dealing with the creation
or annihilation of porous channels, J{(C) is the fluid-concentration flux source, Q;(C) is the heat flux source and
Vi jk(C ) is the source term for the structural permeability field flux. %; j»Ji» Qi and V; ;. are constitutive functions
of the independent variables (see ). In (3) the flux terms of r;;, j{, g; and ¥, are not present, in order to close

the system of equations describing the considered media, and the expression w;; =v; j — % is used to obtain
linear relations.

3. ANALYSIS OF ENTROPY PRODUCTION

For the purpose that our investigations concern real physical processes occurring in the considered porous
structure filled by a fluid flow, all the admissible solutions of the proposed evolution equations should be
restricted by the following entropy inequality pS -+ ¢;; — pTh = o6®) >0, where S is the entropy density, &)

is the internal entropy production, ¢; is the entropy flux and p7 is the external entropy production source,

that will be neglected in the sequel. Furthermore, the total mass density p of the considered nanocrystals is
supposed constant. Let us consider the following set of constitutive functions (dependent functions on the
set (I): W = {1ij,e,Zij,J{, Qi Vijk, S, ¢, T1¢, HZ,H’ 1! Hgk} (with IT¢ the chemical potential of the fluid
concentration field, IT;; a potential related to the structural permeability field and H , 1T, H;’j/.k the generalized
affinities conjugated to the respective fluxes j¢, g; and ¥;jx), having the general form W = W (C), where both
C and W are evaluated at the same point and time. In [11] Liu’s theorem [35]], that considers all balance and
evolution equations as mathematical constraints for the general validity of the entropy inequality, was applied,
and the following results and some others were obtained, introducing the free energy density F =e—Ts and
the flux vector Ky = pFvy—T ¢ :

o the state laws (defining the constitutive functions via the partial derivatives of the free energy with respect
to the respective conjugate variables):

JoF JoF JoF JoF JoF oF oF
Tij p&S,‘j’ oT’ dc’ K p&rij’ aC’i ’ 8T, ’ 81’,']'7/c ( )
c oF oF oF
- th lized ties:  II) =p—— 7—=p— ', =p——:; 5
e generalized affinities S =p 3 i=p 90 k=P i &)
th 99 99 99 o T T IO
- the residual inequality T 3¢ ci+T—= 37 T; —|—Ta Fiki— Hij%lj —1II; J; =117 Q; — ,]szjk > 0; 6)
Tk

the entropy flux ¢ = %(qk —I1¢ ¢ — {j“//,-jk), the form for the free energy F as F = F(g;j,¢,T,rij, j5,qi, Viji),

and the symmetry for the stress tensor 7;; (see @).
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4. CONSTITUTIVE RELATIONS AND GENERALIZED AFFINITIES

In this Section, we derive in the anisotropic case and in the linear approximation the constitutive theory
for the system under consideration. We recall that the total mass density p has been assumed to be constant.
We apply the potential method and we expand the free energy F(&;j,¢,T,rij, j§,qi, Vijx) up the second-order

9

approximation around a thermodynamic equilibrium state indicated by “y”. Introducing the deviations of the
independent variables from this reference state, in particular: 8 = T — Tp, with ‘T%‘ K1, é =e—ep, with

<1, ¥ =8-8), with <1,

<1, € =c—cy, with ‘%

%’ <1, Rij = T1ij — 10ij» with

r0ij

é
e
assuming  (&;), =0, (Tij)o =0, (rij)o = roijs (ui)o = uoi, (vi)o = voi, (7N
and taking into account that

(%jk)() = Oa (Qi)o = Oa (]16)0 = 03 (Hzr])() = 07 (HC)O = 07 (Hz‘;k)o = 07 (HIJL)O = Oa (H?)o = Oa

)]
we obtain
1 xﬁe e ACE 1e 276 26¢ A7
F=F —S00+—Ciim€i€m— —2—0&; + —L"¢ Rjpy— —L€€: —~—0>+—LR;:0 +=——0€+—LR; €
0 0 +2pczjlm jClm p ]+ p jNm p j 2TO + P ij + p + p ij
Al A€ vy vy AV 1 1 e 1
jlm 2 ijklmn ijkl . ijkl qq JJC s s Jq
RijRim + =€ VitV imn + —2L A i€+ o+ — A8 qiq; + — AL o+ =A g,
+ 2p J 1m+2p + 2p ijk lmn+ p ljk]l+ p l]kql+2p ij CICI]_‘_zp ij Jt]]+p ij .]qu
)

N 9°F c _ 3*F _ J*F Jeje J’F e _ J’F
where Cijkl = P (agl.jagkl>oa AC = P( 2 ) > Cy = TO(BTZ)O’ A =p 957 ) o’ )Lij =—p Je;dT )
vwoo J%F Vg _ 9*F roo_ 9*F Oc _ 9*F rc _ 9*F
Wt = P (vt ) Mk =0 (o) Hia =P (3t ) 2 =0 (F557) - 25 = (555
99 _ 9*F ce _ _ 9*F Jq _ 9*F re _ 9*F re 9*F
A’l‘] _p(aq,8q1>o’ llj - p((%,]&c)o’ 2'lk _p<81;8qk)0’ A/lj _p(aTarU>o’ lz]kl_p<8£”8rk1>0’
vi© _ 9°F
Aijit = P (‘91}-‘3‘/6“)0'

In (9) we have called the second partial derivatives of free energy with respect to the considered independent
variables using the name of the phenomenological coefficients, measurable by experiments, coming from their
physical interpretation. In (9) ¢, denotes the specific heat, ¢;j;, is the elastic tensor, ;ng are the thermoelastic
constants and the other phenomenological coefficients express simple and coupled effects which can manifest
among the fields themselves or the different fields acting during interactions. Also, we have taken into consid-
eration the physical dimensions of the physical quantities and the invariance of F under time reversal, so that
the terms containing the fluxes at first order are null. Furthermore, the introduction of the minus sign comes
from physical reasons and the constant phenomenological coefficients satisfy the following symmetric relations

(because they are defined in terms of second derivatives of F' and the tensors &;; and r;; are symmetric):
A =
ij =i

(=]

_ _ _ _ _ _ _ "€ __ ) CcE 0 __ 6
Cijim = Clmij = Cjilm = Cijml = Cjiml = Cmlij = Cmlji = Cimji»  AMj =Aifs Ay = A7,

re re re re ré re ré re q9 q9 rc rc J‘q iq JJe JIe
;Lijlm = )’lmji = A’lmij = A’jilm = A’ijml = )l’jiml = )Lmzji = )“mzij’ 7%']' = )Lji g Aij - lji ’ lij = lji }”ij - Aji ’
rr __ yrr  _ AFr  __ YFr _ Arr __ YFr __ Arr _ yrr O __ 9 6¢ Vv _ qvv Vg __ 9 Vq

ijim = Mmij = Yijmt = Yjitm = Yjimi = Mmji = Mmlij = Mmljic )“ij = )“ji ’ A‘ijklmn = A ke )Lijkl = )“lijk'

From (), using equations (4) and (5), we obtain the constitutive functions t;;, S, IT};, II° and the generalized

1)
”» 4 q9 /.
affinities Hl.jk, IT/, IT; -
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)Les v l_r_9 ). 0¢
Alcs )Lgc llrc )L
I, = A fEm + A0 0 + Al Rim + A€, TIC = pf &+ 79 + p’ Rij+— p t, (11)

Hl]k l]klmn/'j/mn + A’z}qul + Aljkl Jl ’ H? = li‘]/'lccllﬂi/jkl + )LZ“I i+ )’q] Jj’ Hlj = 2'i‘}"l{l ﬂi/jkl + )Lz]j qu + ALJ/ ’ J;

(12)

5. RATE EQUATIONS

The residual inequality (6) imposes some relations among the source terms %;j, J;, Q;, V;jx and IT}; s H’
17 and H;’jk, respectively. In this Section we work out the rate equations for the heat and fluid fluxes for the
structural permeability tensor and its flux. In particular, expressing the source terms %, J{, Q; and V;j; as linear
polynomials with constant coefficients in terms of the independent variables, and in the case where we may use

the material derivative instead of Zaremba-Jaumann derivative we obtain

gi = %1]']';" + O‘?ﬂj + O‘?jkza//jkl + O‘?jc i+ L+ aljklr]k I (13)

J§ =505+ nbaj + Ve ge 5T A niarics, (14)

Fij + Vs = Bl + Bluria + Bxdi + Bii + Biim Viim + BixC ik + Bia T + Blgmit.m» (15)
Vi = %'ljkzjzc + %ijzéh + %‘3jk1mn7/lmn + 'yé’klc N %'Sjle,l + Viﬁjklmnr Im.n- (16)

Equations (13)-(I6) contain coupled effects among the different fields and describe propagation of disturbances
with finite velocity, following the philosophy of extended thermodynamics. In these rate equations the fields ¢;,
J§» rij and ¥ present a relaxation time. The rate equation for the heat flux generalizes Maxwell-Vernotte-
Cattaneo relation for the thermal disturbances with finite velocity and denoting by rl-qj a relaxation times tensor
associated to the heat flux, it takes the form

g, _oylc 3 4 57 a6
i = XijJj —4i +Xijk17/jkl +XijC.j %ijT,j + Xijka jkd- (17)
: : 1 _ 2 3 q 3 — %ot
In (17) we have used the following notations y; = ajk, Ok = rl,ajk, Xikim = Tij%ktm> X = u oy
5 _ _ 405 6 q 6 1 : 4
X = —’L’l %5k Xikim = Tij Cme where y;; is the thermodlffuswe kinetic tensor, x;; is the thermodiffusive tensor

and xi ’; s the heat conductivity tensor.
Equation becomes 17g;+q; = xilj Ji+ X,~3jk,7/jk1 + xf‘jc’ i— xiSjZ i+ xiéjklrjk,l when T =195;.  (18)
In the case where the coefficients X* (s = 1,3,4,6) are negligible, equation has the form
95 . 40— T, 19
T4+ 4ai = —Xi;T; (19)

that is the anisotropic Maxwell-Cattaneo-Vernotte equation. In the isotropic case xl.Sj = x&;j and Tiqj = 7196;; and
we obtain the well known Maxwell-Cattaneo equation 79¢g; +g; = —xT;. When the thermal propagation has
infinite velocity, equation (19) becomes the anisotropic Fourier law ¢; = — Xisj T ;, having in the isotropic case
the classical form ¢; = —xT;, with x the thermal conductivity.

Furthermore, the rate equation (14)) for the fluid flux generalizes the Fick-Nonnenmacher law, that, introducing
the fluid flux relaxation time tensor 1,'] has the form

TS =i+ 55“1]‘ + és‘kl Vi — 53‘0,1‘ + 55’TJ + gg'klrjkb (20)
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Iy Ly 2 _ 22 3 J 4 L4 5 _ 6 _ 6
where &y = —T;; njk’ ik = i Mk Sikim = Tij njklm’ ik = ~ i Mjks Sie = T n]k’ ikim = Tij Mjkym- The
quantities é and é are the diffusion tensor and the thermodiffusive tensor, respectively. In the case where the
coefficients é, 7 S kl, and él T Are null equation (20) represents the anisotropic Fick-Nonnenmacher law.

Equation (20)) becomes ijjl'c“f'jf:éi%'Qj"‘éii-klﬂi/jkl ,Jc]—i-é‘ T +§,Jk,r]kl, when TiJj =15, 21)

6. LINEARIZED TEMPERATURE EQUATION AND BALANCE INTERNAL ENERGY EQUATION

In [10], starting from the free energy F' = e — T'S, calculating its material derivative and taking into
consideration the balance energy equation pé = 7;;¢;; —q;; (where the expression for the velocity gradient
vi.j = &j +w;; has been used), we have deduced pTS’ =T;&j—qii— pTS — pF. Furthermore, expliciting
the material derivative of the free energy F' in terms of its independent variables, using the state laws @) the
definitions of the affinities (3), and linearizing the equation around the equilibrium state defined by /) and
(8) we have obtained  p(Ty+8)(So+-7) = —qi,; — IT7; [ (70if) +R;j) —T(¢o+€) — 1), Vijr — HJ jé —Tlg;,
and than

ljk

PToS = —qii, TIPToS=—17q;;, (22)

where second order infinitesimal terms have been neglected. In (22)) the superimposed dot indicates the linearized
time derivative % = % +vp-grad and the deviations of the fields from the thermodynamic equilibrium state
have been indicated by the same symbols of the fields themselves. Furthermore, in (22) we have used the rate
equation (I8) for the heat flux linearized around the considered equilibrium state and, from equations (10)),, (I8))

and (22)),, we have deduced

T+ T = kijTij— Yy (T9€j + &7) + (016 +¢) + Mij (2055 + Fij) — V5= Vi Vit — Vigeji— VigaTiwdis (23)

1 3 4 6
L _ X 3 _Xim 4 _ X 6 _ Xim % _To 46 o _To30c 4. _ To o
where V;; = 50 Vi = 5o Vii = e Vi = pe, Kii = ey Wi = pe ki 0= o AT M= 5o Al that
generalizes the telegraph equation in the anisotropic case.
Here, we linerize the first law of thermodynamics. From (22));, using the relations & = ¢ — ¢¢, and (10))5,

considering the case where we may replace the material derivative by the partial time derivative, we obtain
pé+ToAS Ej+pe® — oA R —ToA*“C =0, ie. pé=—ToA i ;—pe,T + oA Fij+ ToA%é. (24)

In (24) the second order term 7;;v; ; has been neglected. Linearizing around the equilibrium state (see (7)) and
(8)), the balance equations (2)); and (2)), (where we insert the constitutive equations 1), the rate equations
(13), (16), (18] and (21), taking into account the linearized temperature equation (23)) and the linearized internal
energy balance equation (24),, and using the definitions of &; and v; = 1;, we obtain a closed system of 45
equations for 45 unknowns: 1 for ¢, 3 for u;, 1 for 7', 1 for e, 6 for r;;, 27 for ¥;j, 3 for g; and 3 for jf.

7. CONCLUSIONS

In this article a model for porous nanocrystals filled by a fluid flow proposed in a previous paper, in the
framework of rational extended irreversible thermodynamics with internal variables, is used to study the thermal,
mechanical and transport properties of these materials. It is assumed that the medium under consideration has
mass density constant, the body force and heat source distribution are negligible and the structural permeability
tensor, its gradient, its flux, the heat flux and the fluid flow are independent variables besides the small strain
tensor, the concentration of the fluid and its gradient, the temperature and its gradient. The constitutive equations
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and the affinities are deduced, and the rate equations for dissipative fluxes and for the structural permeability
tensor are worked out and it is seen that porous channels in nanocrystals influence mechanical and transport
properties. In particular the generalized equations Maxwell-Vernotte-Cattaneo and Fick-Nannemaker are
obtained. The obtained results have applications in nanotechnology and other fields of applied sciences.
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