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Abstract. We study the solutions of the Dirac equation in the background of a static black string in
four dimensions. We point out the presence of an additional term which was omitted in previous
studies in the literature. We show how the Dirac equation can be separated for massive fermions.
Finally, in the massless case, we obtain an exact solution of the Dirac equation in terms of the general
Heun functions.
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1. INTRODUCTION

The cylindrically symmetric black hole solution of Einstein’s field equations with a negative
cosmological constant [1] has a rich geometrical structure, which can be explored both at the quantum and
the classical level. Such black strings solutions have also been studied in the rotating and charged cases
in [2]. These solutions can only exist in presence of a negative cosmological constant, such that their
asymptotic structure in radial direction is that of the anti- de Sitter geometry.

The main purpose of the present paper is to extend the analysis developed in [3], devoted to the study
of Dirac massless particles in black strings backgrounds, in the following three directions. Firstly, we are
using a coordinate-free method, based on Cartan’s formalism, in which the {y'} matrices have the same form
as on the Minkowskian background. We point out the presence of an additional term that is expressing the
spin-connection and is missing in the analysis developed in [3,4,5]. Secondly, the Dirac equation is
separated for massive particles into its angular and radial parts. Finally, in the case of massless fermions, it
turns out that the radial equations can be exactly solved, their solutions being expressed in terms of the Heun
general functions [6,7].

Such studies are currently a very active area of research due to their observational significance since
the so-called quasinormal modes can be used for the detection of black holes [8,9,10]. One should note at
this point that Heun functions [11] are often encountered when studying fields propagations on black holes
backgrounds (with or without cosmological constant) (see for instance [12-17] and references therein).

Our paper is organized as follows: in the next section, we write down the Dirac equation using the
Cartan formalism. We show that, in the background of a non-rotating black string, the Dirac equation is
separable. In section 3, we prove that, for massless Dirac fermions, the solution of the Dirac equation can be
further solved exactly in terms of the general Heun functions. The final section is dedicated to conclusions
and avenues for further work.

2. THE SO(3,1)-~ GAUGE COVARIANT DIRAC EQUATION

In [14], for the general static metric of the form

ds* =e*/ dr? + a*e’?do* + b*e*de’ —e*"dr”, (1)
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where the functions f, p, g and 4 depend only on the coordinates » and 6, we have defined the pseudo-

orthonormal frame {E,} (i) ? ie.

7 e’ e! _a )
Elze ﬁr, E2=786, E3=78(P, E4=e 8,, ()

whose corresponding dual base is
o =e/dr, ®® =ae’dd, o =beldep, o' =e"ds,

so that the metric (1) turns into the Minkowskian form ds* = M o’o’, where n,,=diag[1,1,1,-1].

Using the first Cartan’s equation,
do’ =T, o’ A, 3)

with 1<bh<c<4 and I'j,,=Tj —T,, we obtain the following connection one-forms I, =T, .®°, where

1—‘abc = _rbac ’ namely
“p ‘
12 :e_ﬁlml —e/ a—p(ﬂz,
a 00 or
e?0q ;
5T 0
oh “4)
I,=¢’ —o'
14 o
e_p Oh 4
r. =—_="
* 4 00
In the case under consideration in this paper, we start from the following metric:
ds* = %dr2 +72d0* + o’rdz® — Fdr’ )
where F = F(r), so that the relations (2) and (4) lead to the following simple expressions:
JF 1 1 1
E\=NF0,, Ey=—0y, E;=_"0., E4=Fau (6)
and
JF F'
Ly =53 = _Ta (7

Ty =——,
144 2\/;

where F' means the derivative with respect to .
The massive spinor of mass p, minimally coupled to gravity, is described by the SO(3,1) gauge-

covariant Dirac equation
1 :
V'EY + ZFbmv“vbv‘ ¥+p¥ =0, (8)
which, in view of the relations (6) and (7), gets the explicit form

. (1, F' 1 0 1 0¥, 1 40¥
FY' W+ —4+-=|¥ |+ o +—y —+—=y"=—+u¥=0.
\/7]([ +(r+4Fj :|+ry 86+0Lry 82+\/fy ot TH ©)

In order to simplify the above equation, we take the wave function as
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_pn®
Y=F P (10)

and, since the cylindrically symmetric spacetime admits 0, and 0, as Killing vectors, we can assume that

o=G(r,0)e ", (11)
so that one gets the following equation
ik
\/F1%+ly2%+{l—y3—%y +u}G 0. (12)
For the bi-spinor G written in terms of two components spinors as
,0
G- °" (13)
x(r,0)

in the Weyl’s representation for the ' matrices,

=—ipa’, v =—ipa', v’ =—ipa’, y* =—ipP, (14)

" o" 0 0 -7 s (I 0
at = , B= , Y= ,
0 —G“ | 0 0o -1

where o' denotes the usual Pauli matrices, the equation (12) leads to the following system of coupled
equations for the spinors £ and y:

with

r\/_SC’ 6g+k 2 — \/Fg—iprnzo,

15
r\/fc38n+ 1n N ks +iurl =0. "
P 20 o'n- \/»n n

v
Next, by applying the separation ansatz
G =R (NT(6), C, =R, (NT,(0), My =R,(rT(6), n, =R, ("T,(9), (16)

one gets the system

[ ior | .
mFo, “Tr R T, +[0q +k]R,T, —iprR,T; =0
[ ior | .
mFo, T R,T, ~[0y —k]RT; +ipwrR T, =0
- - 17
JFo, + 20 \R,T, 4]0, + k]RT, +iwrR T, =0 "
r ;~+F Ty +[06 + k)R T, +ipwrR T, =
[ ior | .
Fo, T RT, ~[8 —k]|R,T, —iprR,T, =0,
which can be separated in the radial and angular parts as:

ior ior

rx/_ﬁ - =(A+iur)R,, {r\/FOVJr—}R =(A—iur)R,,

o~ R =) R, =R .

[04 —k]T, =AT,, [0, +k]T, =-AT,,
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where A is a separation constant.
The solutions for the first-order angular equations being given by

Tvl :Aeime’ T :_k_}\‘imAeime’ (19)

where A% =m” +k?, the radial equations in (18) lead to the following second-order differential equation for
R,,

&R [1 F  ip JdR 1]’ 1 F po A7
T, a8y oo (1 F ) _BO A 20p
ar? +[;»JrzF htipr |dr F|F ””(r 2Fj s (20)

and, similarly, for R, . The general equation (20) cannot be analytically solved in general. However, in the
massless case we show in the next section that one can find an exact solution.

3. THE MASSLESS CASE

For the massless case, the equation (20) gets the simpler form:

d°R 1 F' AR, 1]e* . (1 F'\ m*+k
T RAGRET ki b P R L b

which depends on the explicit form of the function F(r).

Let us consider the solution of Einstein’s field equations with a negative cosmological constant A, for
which a =—-A/3, which describes the cylindrically symmetric black string spacetime, with the mass M the
only parameter. In this case, F(r) is given by the expression

F(r)=a2? -%, (22)

. _(Mjlﬂ
* (12 .

Using the dimensionless variable x = r/ r. , the function (22) becomes

pointing out the event horizon location at

Fe =L (v -1) =L (x-1)(x-a)(x-b) 23)

X X
with

—1+i\/§ —l—i\/g
a= , b= 5 ,

2
and the explicit form of the equation (21) reads

d’R 3.1 dR 3 L (o) 31 m? 4k
- 4x” -1 1, N {wr {wrx +ﬁ m )—:k R =0. (24)

dx?  2x(x - dx MG -D| -1l M 2

Using Maple [11] one can check that the equation (24) can be analytically solved, its solutions being
expressed in terms of Heun general functions [6,7] as:

) 2 2
Lor (i3 (i+3) 2
R(x)= (=) W (e—a) o ey o

><{Cl HeunG[al,ql,al,Bl,yl,Sl,Q]+C2\/EHeunG[az,qz,ocz,Bz,yz,Sz,C]}

(25)
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of variable
_x(I-a)
x—-a
and parameters:
1—i3 ir*(m2+k2)
al _T, ql _W, (26)
1 B-i)or’ 1 1 2i0r
e 7 S
and
3 .
a, =4, 4, =4 +%(\/§_1)9
1 1 3 @7
a2:al+§’ BZZBI—i_E, YZZE, 62:81‘

Due to the large number of applications in a variety of fields, the Heun differential equations in either
the general or confluent forms have been intensively studied in the last two decades [12,13]. However, it is
difficult to find closed-form solutions of these equations in terms of simpler functions, especially for
complex values of the parameters.

4. CONCLUSIONS

In the present paper we have used a coordinate-free approach, based on the Cartan formalism to write
down the Dirac equation in the background of a static black string in four dimensions. We point out the
presence of an additional term expressing the spin-connection, namely the second term in (8), which was
missing in previous studies of the Dirac equation in this background. We showed that the massive Dirac
equation can be separated into its angular and radial parts. In general, the radial equation cannot be solved
analytically and it should be approached numerically. In the massless case, we have been able to find an
exact solution, which can be expressed using the general Heun functions.

As avenues for further work, using the same method, one should be able to obtain and study new
solutions of the Dirac equation in the background of a rotating black string, with or without electric charge [2].
Work on these issues is in progress and it will be published elsewhere.
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