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Abstract. Heat transfer in vascularized tissues is commonly described by the bioheat equation 

(Pennes), which assumes a continuous heat source/sink distribution to model the contribution of the 

blood vessels to the heat transfer. However, such an approach may be misleading when larger than 

the capillaries vessels are present too. Along this line, this paper presents a study concerned with 

sizing the heat transfer needed for a successful operation in planning the localized radio frequency 

(RF) hyperthermia ablation of a kidney tumor, where the heat is conveyed through hemodynamic 

flow in larger size vessels and through the tissue, approximated as saturated porous medium, called 

here the general heat transfer (GHT) model. The results are compared to those obtained by using the 

bioheat (BHT) model. 
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1. INTRODUCTION 

When planning for the radiofrequency (RF) localized hyperthermia tumor ablation (LHTA), besides 

the precise localization of the region of interest (ROI), at least two factors may play an equally important 

role: the power level of the exposure, and the duration of the procedure. The exposure time is limited and so 

is the power level for the success of the procedure with minimal side effects, for instance the overexposure 

of the neighboring healthy tissue. 

Despite its known limitations to account for the directional dependence of the perfusion heat 

source/sink, the morphology of the vascular system (diameters and lengths of vessels), the transvascular 

transfer of heat and mass, the heat generation by necrosis, the abrupt variation in material properties, the 

bioheat equation (BHE) [1-3] is commonly accepted to model the heat transfer in perfused tissues. In the 

attempt to alleviate the difficulties posed by this technique, less precise in identifying the distribution of the 

temperature field when vessels larger than capillaries are identifiable, more comprehensive approaches were 

proposed, e.g., models that account for local thermal disequilibria [4], models that account for countercurrent 

blood flow [5], etc. 

In this study, departing from the bioheat model (BHM), we propose a conduction-convection heat 

transfer approach: the anatomic region of interest (solid tissue perfused by capillaries) is seen as a saturated 

porous medium that embeds and connects to the local arterial and the venous trees. The matrix (solid phase) 

of the saturated porous medium and the contained fluid (plasma) are in local thermal equilibrium, i.e., a one-

temperature model. It is above the purpose of this study to account for the – mesoscale and microscale – 

anatomic and physiologic details and functionalities. We keep with the macroscopic (continuous media) 

assumptions and physics, and the blood flow is described by momentum and mass conservation equations, 

rather than accounted for through a special, empirical source term in the energy equation, as per the BHM. In 

larger size vessels (i.e., arteries and veins of different sizes) the momentum conservation law is described by 

either Navier-Stokes or Stokes equation, depending of the local vasculature. The tissues perfused by 

capillaries, which connect the arterial and the vein trees, are modeled as saturated porous media, and 
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Brinkman-Stokes momentum balance is used instead. Mass conservation law is then added to the momentum 

balance equation to close the model. To see the difference between the homogenization-based approach and 

the convection-conduction formulation, we consider the electromagnetic field radio frequency (RF) LHTA 

[6-9] used to extirpate a renal tumor. The mathematical model (PDEs) that describes the outlining physics of 

the RF-LHA procedure is solved for using the finite element method (FEM). Analytical results (if any) may 

be difficult to obtain due to the complexity of the computational domain (even when using CAD tools to 

construct it), the non-linearity of the flow equations, and the couplings between the electric field (the heat 

source that it produces), the hemodynamic flow (heat sink) and the energy equation (in the GHT model). 

The structure, vasculature and functioning of the kidney is complex [10-14], some of its functions are 

still not fully understood, and mathematical models may complement experimental work to clarify this 

matter [15]. They are affordable, non-invasive yet accurate tools for thought experiments and studies focused 

on patient-specific parameter selection, design of the electrode [16], and power level. For example, the 

power may be tuned to ensure a localized overheating of the tumor, thus minimizing unnecessary destruction 

of the surrounding healthy tissue. 

In this study the kidney and the tumor are modeled as saturated porous media [17, 18]. In depth 

information on porous media flow and heat and averaging techniques, parametrisation of perfusion models is 

available in [19, 20]. The time scales of the three problems suggest stationary forms for the electric field and 

the hemodynamic flow, and the dynamic heat transfer [21]. During the procedure the fluids mass flow rates 

balance are satisfactorily well approximated by the overall inlet to outlet blood mass flows rates balance only. 

The results are analyzed to unveil the underlying mechanisms and optimization paths of RF-LHA procedures. 

2. THE MATHEMATICAL MODEL 

The computational domain is CAD generated, Fig. 1 [21], but more realistic, patient-related domains 

may be constructed using rendering techniques based on medical imagery data sets (e.g., DICOM sets) 

[22, 23], with spatial resolutions consistent with the continuous media assumptions and the related physics. 

The number of bifurcations, the lengths and diameters sizes and ratios of the “mother”/“daughters” vessels 

are consistent with the constructal law predictions [24, 25], in agreement with the allometric laws [26, 27]. 

The arterial tree segment here is assumed to belong to the entry-level resistance vessels group, Fig. 1 [21]. 

The alternative, equivalent lumped parameters circuit representation of the kidney hemodynamic, e.g. [28], 

may result in ordinary differential equations mathematical models that do not provide for the spatial 

distribution needed in predicting the RF-LHTA. 

 

 

Fig. 1 – Different types of blood vessels. 
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Although each kidney may be irrigated by up to six arteries, they may receive a single (the renal) artery 

too [29]. The conceptual study here assumes that the renal artery splits into two arteries prior to supply the 

kidney, the upper (UD) and lower (LD) divisions, respectively [30]. These, in turn, split into two smaller 

arteries (Fig. 2). Moreover, the kidney main functions are filtering of the blood and long-term regulation of 

arterial pressure [31]. The arterial unfiltered blood eventually enters the nephrons and reaches the glomeruli 

where the toxins are collected into the tubules to be drained out by urine [12, 13, 32]. Filtered blood returns 

to the bloodstream via the venous system. The entire content of circulatory system (~5 l for an adult) is 

filtered, typically, every 30 to 60 minutes in humans, depending on the subjects resting heart rate. The RF-

LHA procedure lasts maybe ~10 min, while ~ 1 l of blood is filtered, and ~ 0.01 l of urine is produced. Based 

on these, in this study we neglect the filtering function of the kidney and the oxygen transport [32-35], whose 

time scale is significantly larger than that of the RF-LHA procedure, and the fluid loss through urine 

generation and flow. 

The RF antenna is a LeVeen array of electrodes by using a trocar guide-way (Fig. 2b,c,d) [36], 

positioned closely to the tumor by using online imaging techniques (e.g., unenhanced CT) [9]. The tumor 

volume is embedded in a region prone to its genesis and angiogenesis [37, 38]. The arterial and venous trees 

constructs mimic the natural morphology. The computational domain may be constructed using CAD tools 

[38, 39]. 

 

Fig. 2 – The computational domain: (a) conceptual design [3], and (b)–(d) its CAD abstraction. 

 

The electrokinetic problem is presented through 

  0V    , (1) 

where σ is the electrical conductivity (Table 1), and V is the electric potential. 

Dirichlet boundary conditions (BCs), Fig. 3, left, are set for the kidney surface (ground) and for the 

electrode tips (here, V =22 V). In this monopolar, multiple electrode arrangement [36], the current “flows” 

out of the electrodes tips through the kidney to the body surface, which is connected to the return (ground) 

electrode. The FEM solution to (1) provides for the electric current density, which may be used to compute 

the heat source (Joule effect). 

Because the kidney hemodynamic is rather slow (Re << 1), we assume a Stokes-type flow inside the 

porous medium, whereas for the larger vessels (in the arterial and venal trees), where Re ~ O(102), Navier-

Stokes momentum equation is utilized. Moreover, the flow time scale (~ seconds) is small when compared to 
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the heat transfer time scale (~ minutes) hence we assume stationary forms of the momentum conservation for 

larger vessels (Navier-Stokes flow) and porous medium (Brinkman-Stokes flow), respectively 

    T
p          u u I u u , (2) 
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and the mass conservation law (incompressible flow) 

brQ u . (4) 

 

       

Fig. 3 – Boundary conditions for: the electrokinetic field (left), the hemodynamic (central) and heat transfer (right) problems. The 

inlet arterial velocity (uniform profile) is 0.1 m/s and uniform pressure profile (0 Pa) is set for the vein outlet (central). 

 

Here u is the velocity field, p the pressure field, ρ the mass density,  the dynamic viscosity, (·)T the 

transposition operator, I the unity matrix, κ the permeability, p the porosity, Qbr is a mass source (zero 

here), and F is a Forchheimer drag coefficient (zero here). The BCs that close the hemodynamic flow 

problem related to the GHT model are illustrated in Fig. 3, center. 

For the vascular ramification level (kidney) it is suggested to use a non-Newtonian rheological model 

for the blood. Here we use a power law model, where the dynamic viscosity is 1nm     and where 

m = 0.017 Pa·sn (fluid consistency coefficient), n = 0.708 (flow behavior index) are model-related 

parameters, and  = 0.01 s−1 is the lower shear rate limit [22, 41]. For consistency, the flow rate related to the 

inlet velocity (0.1 m/s) in the GHT model is sized to match the perfusion rate, , which has to be set for the 

BHT model (Table 1). A study aimed to find then consistent values for the permeability and porosity, not 

presented here, suggests κ = 10−9 m2 [42] and p = 0.03. The BCs are presented in Fig. 3, center. 

The heat transfer is described by the energy equation 

   
T

C T k T q
t

 
     

  
u , (5) 

where C is the specific heat capacity at constant pressure (different for porous and fluid media, respectively), 

T  the temperature, k  the thermal conductivity (different for porous and fluid media), q = J2 [W/m3] is the 

external heat source (produced by the electric field), and J = –V [A/m2] is the electric current density. The 

basal metabolic heat generation rate is neglected here. The arterial blood inlet temperature is set to 37°C, and 

the surface of the kidney is assumed in thermal equilibrium with its surroundings throughout the numerical 

simulation, i.e., adiabatic (Fig. 3, right). The validity of this condition is checked against the surface 

temperature that, for consistency, has to remain at 37°C throughout the simulation time. 

Consistent with the BHM, the kidney may be seen as a homogeneous medium with a distributed heat 

either source or sink that accounts where heat transfer is described through 

   ,p b p b b

T
C k T C T T q

t


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The input parameters, Table 1, are assumed constant for the working conditions. The basal metabolic 

heat rate is neglected here. In both models, GHT and BHT, only the enlarged part of the ureter, the renal 

pelvis (its upper, large, end-part comprising the calyces, cuplike extensions), is considered here. This cavity 

collects the urine before it flows into the urinary bladder. 

Table 1 

Electrical, thermal and flow properties [18, 19, 41-45] 

Property Value 

Basal temperature, Ta 37°C 

Blood perfusion rate,  (in BHT model) 3.4·10–3 s-1 

Dynamic viscosity of blood,  5 Pa·s 

Electric conductivity of trocar, t 4106 S/m 

Electric conductivity of electrode, e 1108 S/m 

Electric conductivity of blood, b 0.667 S/m 

Electric conductivity of urine, u 0.025 S/m 

Electric conductivity of kidney and tumor,  0.22 S/m 
Mass density of blood, ρb 1000 kg/m3 

Mass density of kidney and tumor, ρt 1080 kg/m3 

Mass density of urine, ρu 1000 kg/m3 

Specific heat capacity of blood, Cp,b 4180 J/(kg·K) 

Specific heat capacity of kidney and tumor, Cp 3771 J/(kg·K) 
Specific heat capacity of urine, Cu 750 J/(kg·K) 

Thermal conductivity of blood, kb 0.534 W/(m·K) 

Thermal conductivity of kidney and tumor, k 0.4182 W/(m·K) 

Thermal conductivity of urine, ku 0.6 W/(m·K) 

 

The volume of fluid contained here does not change throughout the RF-LHA procedure, and it is 

stagnant. It contributes though to the heat transfer process, and it is modeled as solid volume that may 

indirectly drain some heat from the ROI under ablation. For the purpose of this study, and consistent with 

available experimental data, its thermal properties are those of the water [44, 45]. 

3. NUMERICAL SIMULATION RESULTS 

The models (1)-(6) were solved using the finite element method (FEM) [44]. The computational domains are 

meshed with pyramidal, Lagrange, quadratic elements (Fig. 4). 

 

   
Fig. 4 – The unstructured FEM mesh comprises ~ 450,000 pyramidal elements. 

 

In GHT model, the electrokinetic problem (1) and the hemodynamic (2)-(4) problems are solved in the 

first place, independently. Next, the dynamic heat transfer PDE (5) is integrated. Figure 6a shows the 

electrical current driven by the voltage applied at the trocar electrodes. The current path crosses regions with 

higher electrical conductivity, the blood inside the vessels, to heat them up (by Joule effect). The blood flow 
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is presented in Fig. 5b,c through the pressure field and the velocity streamlines and proportional arrows. The 

pressure drop (arterial entrance to the venous exit) is of the order O(104), consistent with available 

experimental data [11, 45]. The arterial flow is connected to the saturated porous medium flow, which in turn 

is connected to the venous flow. 

The procedure may be successful provided the temperature of the targeted tissue is increased to 45°C – 

the value of the critical isotherm. The total (Joule) power received by the tumor is 0.141 W, in the BHT 

model and 0.149 W in the GHT one. The slight discrepancy may be explained because of the different 

electrical current density distribution (the electrical conductivities of blood and renal tissue are different). 

 

a.   b.   c.  

Fig. 5 – Numerical simulation results: a) the electric field inside the kidney trough field lines and arrows for the electric current 

density; color is proportional to the electric potential (values are in volts); b) the pressure field on the kidney surface  

(values are in Pa); c) the hemodynamic flow through velocity streamlines and proportional arrows (values are in m/s). 

 

Figure 6 shows this critical isotherm (green), which contains part of the tumor volume after approx. 

10 min. That region may be thought of as being treated through RF-LHTA. The two models cast different 

predictions. Whereas the BHM suggests that the tumor is entirely ablated, the general heat transfer model 

points out that only part of the tumor is well addressed. In both situations, the critical isotherm contains the 

volume to be ablated, consisting of part of the tumor and also some adjacent, healthy tissue. To reduce the 

side effects, either better positioning of the electrode array or a second electrode array may be used, but due 

attention is needed because healthy tissue might also be irreversibly affected. 

 

                       
Fig. 6 – The GHT model (left) vs. the BHT model (right): the thermal field in the region of interest after ~10 min, seen through the isotherm of 

45°C, which contains the ablated volume, and the 60°C and 80°C inner isotherms. Values are in °C. 

 

Finally, Fig. 7 shows the ROI (tumor) volume-averaged temperature rises to the critical plateau for 

both models. Perhaps, this is the most important argument that shows the difference between the two models: 

if numerical simulation is used to aid the planning of the RF-LHTA then the BHT model may be misleading. 

The temperature predicted by it as promising the success of the planned protocol would be, in fact, highly 



7 Numerical modeling of hemodynamic heat transfer in hyperthermia tumor ablation 259 

overestimated, which would mean a useless intervention – for an invasive procedure such as RF-LHTA this 

is less good news. Of course, the heating has to be maintained long enough, and a strategy aimed to attain 

this goal makes the object of a distinct study. 

 

 
Fig. 7 – The evolution of the volume averaged temperature of the ROI volume (contained by the isotherm of 45°C), which is subject to the 

hyperthermia ablation. 

4. CONCLUSIONS 

Radiofrequency localized hyperthermia ablation of tumors (RF-LHTA) is a relatively new, promising, 

minimum invasive and highly effective tumor extirpation procedure that may be used to eradicate bone, 

lung, liver, and renal smaller tumors. The heat source is the electro-thermal (Joule) effect. For the success of 

the LHTA, in the pre-interventional phase aimed at precisely positioning the antenna and adjusting its power, 

the numerical modeling may complement other medical assertive elements. Although the as simple as 

possible prediction of operational protocol for localized hyperthermia is the desideratum, the difficulties 

related to the realistic representation of the targeted tumor volume in the ROI may raise concerns about the 

accuracy of the numerical modeling when simpler, e.g., homogenization techniques are used. 

Along this line, this study presents a comparative analysis of two approaches: the continuous medium, 

homogenized bioheat (BHM) model, and a continuous medium, general heat transfer (GHT) two-scales 

model, assuming the kidney is a saturated porous medium (perfused by capillary vessels) that contains 

arteries and veins, with which it is hemodynamically connected. The larger vessels are identified as 

significant enthalpy paths that drain part of the power delivered by the electrodes. 

It is assumed that a tumor is situated inside the kidney nearby a larger arterial tree. Numerical modeling is 

conducted on a CAD-drawn domain that mimics the real situation. This numerical experiment is a convenient, 

cost-efficient tool, useful to understand and plan the procedure to optimally match the patient’s specificity. 

The two models are consistent in terms of the hemodynamic flow and perfusion rate, size and 

positioning of ROI and RF antenna. Unlike the BHM, which uses a perfusion term, in the two-scales GHT 

model the hemodynamic part utilizes the Navier-Stokes (arterial-venous system) momentum balance 

equation, the Brinkman-Stokes (the renal tissue) momentum balance equation, and the mass conservation 

equation. Heat transfer by convection and diffusion is presented by the energy equation: a modified form 

(Pennes equation) for the BHT vs. the general form in the GHT model. 

The results unveil the underlying heat generation and transfer mechanisms of this procedure, the 

hemodynamic of a non-Newtonian fluid (blood), and the local hyperthermia action upon the ROI – the 

tumor. They clearly evidence the discrepancies between the thermal loads in the two situations (temperature 

field, power levels, etc.), which suggest that heat transfer through the larger vessels may lead to different 

predictions hence suggestions for the adequate positioning of the antenna and tuning its power level. This 

information is particularly important because without this contribution part of the tumor volume might be 

neglected, whereas the surrounding healthy tissue may be affected to a larger extent. 
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Finally, although detailed, the computational domain here is build, for convenience, using CAD tools. 

The reason is that this study is aimed to prove a concept: GHT has to be used instead of the BHT. In fact, for 

the results to have a patient-related significance, the computational domain should be generated using 

reconstruction techniques based on the patient’s relevant medical scans (DICOM sets), e.g. [22]. 

This study pleads only for numerical experiments as convenient, cost-efficient, non-invasive tools that 

may contribute to better understand the RF-LHTA procedure, and find solutions for its optimization. 

A future study is concerned with patient-specific, more realistic hyperthermia/ablation analysis. To this 

end, medical imagery will provide for reconstructed computational domains, e.g. [23]. Furthermore pulsatile 

blood flow conditions are envisaged. 
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