Eq THE PUBLISHING HOUSE PROCEEDINGS OF THE ROMANIAN ACADEMY, Series A
OF THE ROMANIAN ACADEMY Volume 22, Number 4/2021, pp. 325-331

OVERPARTITIONS AS SUMS OVER PARTITIONS

Mircea MERCA

University of Craiova, Department of Mathematics
A. 1. Cuza 13, Craiova 200585, Romania

Corresponding author: Mircea MERCA, E-mail: mircea.merca@profinfo.edu.ro

Abstract. In this paper, we consider the multiplicity of the odd parts in all the partitions of n and provide a new
formula for the number of the overpartitions of n, i.e.,

p(n) = Yy (I+1)(A+13) - (1 +t21027-1)-
t1+2ty+-+nt,=n

Similar results for the number of the overpartitions of n into odd parts are introduce in this context.
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1. INTRODUCTION

Recall [1]] that a composition of a positive integer 7 is a sequence of natural numbers (A;,A,,...,A;) whose
sum is n, i.e.,
n=M+Ar+- -+ A (1)

When the order of integers A; does not matter, the representation (IJ) is known as an integer partition and can be
rewritten as
n=t +2+---+nt,

where each positive integer i appears ¢; times in the partition. The number of parts of this partition is given by
h+n+---+t, =k

For consistency, we consider a partition of n a non-increasing sequence of natural numbers whose sum is n. For
example, the partitions of 4 are given as:

4), (3,1), (2,2), (2,1,1), (1,1,1,1).

The fastest algorithms for enumerating all the partitions of an integer have recently been presented by Merca
[7.8]. As usual, we denote by p(n) the number of integer partitions of n and we have the generating function

1
()

i p(n)q" =
n=0
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Here and throughout this paper, we use the following customary g-series notation:
1, forn =0,
(a:q)n = -
(I—a)(1—aq)---(1—aq"""), forn>0;
(@:9)e = lim (a3¢),.
An overpartition of » is a non-increasing sequence of natural numbers whose sum is # in which the first

occurrence of a number may be overlined [4]]. Let p(n) denote the number of overpartitions of an integer n. For
example, p(4) = 14 because there are 14 possible overpartitions of 4:

4), (4), (3,1), (3,1), (3,1), (3,1), (2,2), (2,2), (2,1,1), (2,1,1), (2,1,1), (2,1,1), (1,1,1,1), (1,1,1,1).

Since the overlined parts form a partition into distinct parts and the non-overlined parts form an ordinary
partition, we have the following generating function for overpartitions,

oo

Y plnyg = LD

= (@:9)

In this paper, we consider all the partitions of z in order to introduce a new formula for p(n). This formula
considers only the multiplicity of the odd parts.

THEOREM 1. Let n be a non-negative integer. Then

p(n) = Y (I+t)(L+23) - (L +tapny21-1)-
t+2t++nty=n

Taking into account that

4=0-140-240-3+1-4=
=1-140-241-3+0-4=
—0-142-240-340-4=
=2-141-240-340-4=
=4.140-240-340-4,

the case n = 4 of Theorem [I] reads as follows

p4)=(140)(1+0)+(I+1)(1+1)+(1+0)(14+0)+(14+2)(14+0)+(14+4)(14+0) =
=14+4+1+3+5=14.

Let p,(n) be the number of overpartitions of n into odd parts. Then its generating function is

- — n (_q;qz)w
o = . 2
,;)p (n)q @) 2

This expression first appeared in the following series-product identity

i(—l;q)nq”(’””/2 (—4:4%)w

= (4:9)n (@)

which was given by Lebesgue [6] in 1840. More recently, the generating function of p,(n) appeared in the
works of Bessenrodt [2f], Merca [9], Merca, Wang and Yee [10], Santos and Sills [[11]. Various arithmetic
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properties of p,(n) have been investigated by Chen [3]], Hirschhorn and Sellers [5].
In analogy with Theorem|[I] we have the following result.

THEOREM 2. Let n be a non-negative integer. Then

Po(n) = Y (=1)RrE 2 (1 1) (1413) -+ (14 o121 -1)-
t+2t+-+nt,=n

The case n = 4 of this theorem reads as
7o(@) = (D)1 +0)(1+0)+ (=D 1+ 1)1+ 1)+ (=1)>T°(1 +0)(1+0)+

+ (=D +2)14+0)+ (=D (1+4)(140) =
=—144+1-34+5=6

and the six overpartitions in question are:
(3,1), (3,1), (3,1), 3, 1), (1, 1,1,1), (1,1,1,1).

In the following result, we consider only the partitions of n in which the odd parts have the multiplicity at
most 2 and the even parts have the multiplicity at most 1.

THEOREM 3. Let n be a non-negative integer. Then

Po(n) = ) (14t mod 2)(1+43 mod 2)--- (1 +151,2—1 mod 2).

11 +2t++nty=n
—1<2, 1 <1

For example, the partitions of 4 in which the odd parts have the multiplicity at most 2 and the even parts
have the multiplicity at most 1 are:

(4), (3,1), (2,1,1).

According to Theorem 3| we can write
Do(n) =(14+0)(14+0)+(1+1)(1+1)+(14+0)(14+0)=1+4+1=6.

Inspired by Theorem 2] we remark the following connection between the Jacoby theta function

%i(q) = i q"

n—=—oo

and the partitions in which the odd parts have the multiplicity at most 2 and the even parts have the multiplicity
at most 1.

THEOREM 4. Let n be a non-negative integer. The coefficient of q" in the Jacobi theta function ¥3(q) can
be expressed as

(= 1)) (144 mod 2)(1+13 mod 2) -+ (1 4t/ mod 2).

t+2t+-+nty,=n
Iop—1<2, 1x<1

For example, the case n = 4 of Theorem [ reads as follows
(=D A+0)(1+0) + (=D U+ DA+ D)+ (=DM +0)(1+0) = -1 +4—-1=2.

The rest of the paper continues with the proofs of our theorems.
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2. PROOF OF THEOREM(I]

Considering Euler’s identity

(=4:9)ee = ——5+—
(4:4%)e
we can write the generating function of p(n) as follows

Y p)d" = e = [

n=0 (C] Q) ( n:l ]_ 1+nm0d2

In order to prove our theorem, we consider the following identity.

LEMMA 1. Let n be a positive integer. For |z] < 1,

H(l_ k1Z)1+kmod2_Z< Z H(l—i- i mod 2 t,) (i— )f>z.
k=1 g k=0 \t14124++1,=

Proof. We are to prove this identity by induction on n. For n = 1, we have

(l—lz)2 :]i(l-i-k)zk

=0

and the base case of induction is finished. We suppose that the relation

ﬁ BIETTE: i( Yy H<1+ (i mod 2) z,) (=1 ) 2+

k:l k=0 \t;+nr++t,=ki=

is true for any integer m, 1 < m < n. On the one hand, when # is odd, we can write

n 1 1 n—1 1
kI;Il l_qkflz)l+km0d2 - (1 _qnflz)Z kI;II (1 _qk71Z)1+kmod2 -

k=0 \ti+tr++t,_ 1=k i=1

= i ( Y fl (1 + (i mod 2) ti>q(il)ti> Z,

H+t 4+t =ki=1

(
= <§6<1 +k)q("”"z"> ()i ( Y ]:I1 <1+(i mod 2)r,->q<”)ff> zk> =

where we have invoked the well-known Cauchy multiplications of two power series. On the other hand, when
n is even, we have

n 1 1 n—1 1

1 — g~ Tz)l+kmod2 - l_qn—lzkl:ll (1 —gk—Tz)T+kmod?2 -

(
) o0 n—1
(Lo (£( L5 HOremae)e) -
k=0 k=0 \t1+t+ -+t 1=k i=1

n

I1 (1 + (i mod 2) t,-) q“””’) .

i+t 4+t =ki=1

Il
o~
Nygt
VO

This concludes the proof.
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By this lemma, with z replaced by ¢, we obtain

n 1 oo
H(l_qk)l-l-kmodz_Z( )3 H(H‘ 1mod2t,) )

k=1 k=0 \t1+tr++t,=

The limiting case n — oo of this relation reads as follows

oo l ) k . )
H(l_qk)l-i-kmodz_Z( Z H(1+(lm0d2)fi)>f1-
k=1 n+20+- k=

k=0 ki=1

The proof is finished.

3. PROOF OF THEOREM 2]

The proof of this theorem is quite similar to the proof of Theorem [l| Considering the generating function
of po(n), we can write

- 1 - 1

ngb(*l)nm(n)qn = (_q;q)w(_q;qZ)w = nI:I] (1 _|_qn)l+n mod 2 °

By Lemmal(I] with z replaced by —g, we obtain

n 1 =

H (1+ gF) Tk mod 2 = Z <l‘1+t2+;+tn—k(_1>kn (1 + (i mod 2) t,-) qm> .

k=1 k=0

The limiting case n — oo of this relation reads as follows

o 1 o k \ .
H (14 gk)T+kmod2 =) <11+2t2+2+ku H(_1> (1 + (i mod 2>ti)> ¢

k=1 k=0 =ki=1
Thus we deduce that
(=1)"po(n) = Y (=)t (1) (1 413) -+ (14 Lo 21 -1)
H+2t+nty,=n

and the proof is finished.

3. PROOF OF THEOREM 3]

The proof of this theorem is quite similar to the proof of Theorem The generating function of p,(n) can
be written as

oo

ZPO qq) H 1_|_q l+nm0d2

n=1

We consider the following identity.

LEMMA 2. Let n be a positive integer. For |z] < 1,

ﬁ(1+qk—1z)1+kmod2_n+[znm < Z H(l—i—zmod 2> (i1t >Zk

k=1 k=0 i+ttt =ki=1
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Proof. We are to prove this identity by induction on n. For n = 1, we have

=) ) )

and the base case of induction is finished. We suppose that the relation
i metm/2] 1 +imod 2
H 1+q Z1+kmod2 Z Z H( > (i—1)4 Zk
k=1 k=0 ti+tr 4+t =ki=1
is true for any integer m, 1 < m < n. We can write
n

—1
1‘|‘C] )1+km0d2 (1+qn—lz)1+nmod2h(1_|_qk—lz)l+km0d2:
k=1

1+n mod 2 1+n mod 2 - n—1+[(n—1)/2] n—1 1 +l mod 2 o
L >q( l)kzk Z Z H < . >q(1 1)1 Zk —
k=0 i+ttt 1=k i=1 !
& 1+imod2\ ;
) ( L))
k=0

ti+ty 4+t =k i=1

where we have invoked the well-known Cauchy multiplications of two power series. 0
By this lemma, with z replaced by g, we obtain
i nt /2] n (1+imod?2
4 k) rkmod2 _ 14200ty
B]( +4") k;) t Y II . )4
= = 1+ttt =ki=1
The limiting case n — oo of this relation read as
ﬁ(1+q I+kmod2 _ Z Z H< +1m0d2>qk.
k=1 k=0t +26+-+kty=k i=1

The proof follows easily considering that 1 4+i mod 2 € {1,2}.

3. PROOF OF THEOREM 4]

Recall that the reciprocal of the generating function of the overpartitions functions p(n) appears in a clas-
sical theta identity (often attributed to Gauss and sometimes Jacobi) [1, p. 23, eq (2.2.12)]:

oo

((_qqq;;w = ¥ (v 3)

The reciprocal of the generating function of the overpartitions functions p(n) can be written as

oo

(%61) 1+n mod 2
(—4:9)w =(@4)- ,g

By Lemma 2] with z replaced by —g, we obtain

n n+[n/2] n im .
10 _gfyirkmoa2 y ( y (_l)kn (1 + ! od 2>qm> '

k=1 k=0 -+t 4 F =k i=1
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The limiting case n — oo of this relation reads as follows

ﬁ(l gk Hhmod2 _ i y l"](_l),i(l—ki:lod 2) .

k=1 k=0 \t+2tr++hkty=ki=1

Thus we deduce that the coefficient of ¢" in (3)) is given by

(=) (141 mod 2)(1 413 mod 2) -+ - (14157, /27—y mod 2).
t1+2t+--+nty,=n

The proof follows easily multiplying this expression by (—1)".
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