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Abstract: Let & be a function defined on E(G) with h(e) € [0,1] for all e € E(G). If g(u) < Y,5, h(e) < f(u) for every
u € V(G), then a graph Fj, with vertex set V(G) and edge set Ej, is called a fractional (g, f)-factor of G with indicator
function i, where Ej, = {e € E(G) : h(e) > 0}. Let M and N be two sets of independent edges of G such that [M| = m,
IN| =nand M NN = 0. We say that G admits a fractional (g, f)-factor with the property E(m,n) if G has a fractional
(g, f)-factor Fj, satisfying h(e) = 1 for any e € M and h(e) = 0 for any e € N. In this paper, we give a lower bound
on Fan-type condition which guarantees graphs to admit fractional (g, f)-factors with the property E(1,n), which is a
generalization of Yu and Liu’s previous result.
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1. INTRODUCTION

All graphs considered in this paper are finite undirected graphs without loops nor multiple edges. Let
G = (V(G),E(G)) be a graph, where V(G) denotes the set of vertices of G and E(G) denotes the set of edges
of G. For any u € V(G), we use Ng(u) to denote the set of vertices adjacent to u in G, and dg(u) = |Ng(u)| is
the degree of u in G. For any X C V(G), Ng(X) = U,exNg(u), we denote by G[X] the subgraph of G induced
by X, and set G— X = G[V(G) \ X]. For a subset E’ of E(G), we use G — E' to denote the graph obtained from
G by deleting edges of E’. A subset X of V(G) is independent if Ng(X)NX = 0. For two disjoint subsets X
and Y of V(G), we use eg(X,Y) to denote the number of edges joining X to Y. We define the distance dg(u,v)
between two vertices « and v as the minimum of the lengths of the (u,v) paths of G. We use 6(G) to denote the
minimum degree of G and use A(G) to denote the maximum degree of G.

Let g and f be two integer-valued functions defined on V(G) such that 0 < g(u) < f(u) for every u € V(G).
A (g, f)-factor of G is a spanning subgraph F of G such that g(u) < dp(u) < f(u) forallu e V(G). If g(u) =a
and f(u) = b forevery u € V(G), then a (g, f)-factor is an [a, b]-factor. A [k, k]-factor is simply called a k-factor.

Let & be a function defined on E(G) with h(e) € [0, 1] forall e € E(G). If g(u) <Y .5, h(e) < f(u) for every
u € V(G), then a graph Fj, with vertex set V(G) and edge set Ej, is called a fractional (g, f)-factor of G with
indicator function &, where Ej, = {e € E(G) : h(e) > 0}. A fractional (g, f)-factor is a fractional [a, b]-factor if
g(u) =aand f(u) = b for all u € V(G). A fractional [k, k]-factor is simply called a fractional k-factor.

Let M and N be two sets of independent edges of G such that [M| =m, |[N| =n and MNN = 0. We say
that G admits a fractional (g, f)-factor with the property E(m,n) if G has a fractional (g, f)-factor F;, satisfying
h(e) =1 for any e € M and h(e) = 0 for any e € N.

We first introduce a well-known result on a Hamiltonian cycle (or 2-factor) of graph depending on Fan-type
condition.

THEOREM 1 ( [3]). Let G be a 2-connected graph of order p > 3. If
max{dg(u).do(v)} > &

for any two vertices u and v of G with dg(u,v) = 2, then G admits a Hamiltonian cycle (or 2-factor).
Niessen [11]] generalized Theorem 1 to k-factors, which is shown in the following.

THEOREM 2 ( [11])). Let k be an integer with k > 1 and G a connected graph of order p with p > 8k* + 12k +6,
kpis even. If §(G) > k and

max{dg(u),dg(v)} >

(SHIaS)

for any two vertices u and v of G with dg(u,v) = 2, then G admits a k-factor.
Yu and Liu [15] put forward a Fan-type condition for the existence of fractional k-factors in graphs.

THEOREM 3 ( [15]). Let G a connected graph of order p with p > 8k* + 12k +6, where k is a positive integer.
If 3(G) > k and

max{dg(u),dg(v)} > 5
for any two vertices u and v of G with dg(u,v) = 2, then G admits a fractional k-factor.

For other results on graph factors see [1}2,46L|8-10,/12-14,/16-29]. In this paper, we investigate the
existence of restricted fractional (g, f)-factors in graphs, and obtain a Fan-type condition for graphs having
restricted fractional (g, f)-factors, which is shown in Section 2.

2. MAIN RESULTS
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Motivated by Theorems 1-3, we verify the following theorem.

THEOREM 4. Let a,b, A and n be nonnegative integers with 2 < a < b — A, let G be a graph of order p with

p> (a+b)(a+b)(b-A+1)+2n=1) | (Hb)(l,;:ﬁﬂ)fz + (aﬂ‘fﬁ—l)’ and let g, f : V(G) — Z be two functions such that

= a+A—1
a<g(x) < f(x)—A <b—Aforallx e V(G). If §(G) > L HE) 4 1 and
b—Ap+2
max{dg(u),dg(v)} > (H)’Z

for any two vertices u and v of G with dg(u,v) = 2, then G has a fractional (g, f)-factor with the property

E(1,n).

Remark. The condition max{dg(u),dg(v)} > % in Theorem 4 is sharp, i.e., we cannot replace (b_aﬁ)g =
b (b=A)p+2 1
y a+b :

Let a,b, A and n be nonnegative integers with 2 < a = b — A and 8 be a sufficiently large integer with § > 0
andn < (b—A)B. Set G=K_)pV (a+2)BK,. Then we have p= (b—A)B +(a+A)B = (a+b)B and

(b—2A)p+2
a+b

(b=M)p _ (b=A)p+2

— 1 <max{dg(u),dg(v)} = (b—A)B = a+b a+b

for any two vertices u,v € V((a+ A)BK;) with dg(u,v) =2. Let g,f : V(G) — Z be two functions with
g(u)=b—Aand f(u) =a+A foranyu € V(G). Let X =V(K,_2)p), ¥ =V ((a+1)BK1), N={e1,e2,-- e}
being a set of independent edges in G and H = G — N. Then it follows that |X| = (b— 1), |Y| = (a+ )8,
dg_x(Y)=0and £(X,Y) = 2. Hence, we obtain

mX.Y) = f(X)+dp-x(Y)—g(Y)
= (a+A)X|=(b-A)lY|
= (a+A)(b—-A)B—(b—A)(a+A)B
= 0<2=¢X,Y).

In light of Theorem 5, H has no fractional (g, f)-factor with the property E(1,0), that is, G has no fractional
(g, f)-factor with the property E(1,n).

Let n = 0 in Theorem 4. Then we get the following corollary.

COROLLARY 1. Let a,b,A be nonnegative integers with 2 < a < b — A, let G be a graph of order p with

p> (a+b)((a+b)l(zill+l) D4 (a+b)(1b’:§+l)_2 + (ay‘f;b 77 and let g, f : V(G) — Z be two functions such that

a<g(x) < flx) = <b—Aforallxe V(G). If §(G) > A2 4 1 and

> b=Mp+2

max{dc( d(;( )} a+b

for any two vertices u and v of G with dg(u,v) = 2, then G has a fractional (g, f)-factor with the property
E(1,0).

Let A = 0 in Theorem 4. Then we obtain the following result.

COROLLARY 2. Let a,b and n be nonnegative integers with 2 < a < b, let G be a graph of order p with
p > et (@th)brl)4on-1) | (Hb)(zﬂ)fz +%th andlet g, f : V(G) — Z be two functions such that a < g(x) <

a—1

f(x) <bforallx € V(G). If §(G) > 2242 i 1 and

bp+2
a+b

max{dg(u),dg(v)} >
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for any two vertices u and v of G with dg(u,v) = 2, then G has a fractional (g, f)-factor with the property
E(1,n).

3. PROOF OF THEOREM 4

Forany X CV(G),let (X) =Y ,cx ¢(u), where ¢ is a function defined on V(G). Especially, ¢(0) = 0. Li,
Yan and Zhang [7] put forward a characterization for graphs to have fractional (g, f)-factors with the property
E(1,0), which is used in the proof of Theorem 4.

THEOREM 5 ( [7]). Let G be a graph, and let g, f : V(G) — Z be two functions with 0 < g(x) < f(x) for all
x € V(G). Then G has a fractional (g, f)-factor with the property E(1,0) if and only if

forany X CV(G), where Y = {y:y € V(G)\ X,dg-x(y) < g(y)} and €(X,Y) is defined as follows:

2, if X is not independent,

1, if X is independent and there is an edge joining X and V(G)\ (X UY), or
there is an edge e = uv joining X and Y such that dg_x(v) = g(v) forv ey,

0, otherwise.

e(X,Y) =

Proof of Theorem 4. Assume that G has no fractional (g, f)-factor with the property E(1,n). Then there exist
an edge e and a set of independent edges {ej, ez, --,e,} of G such that G has no fractional (g, f)-factor Fj
with h(e) =1 and h(e;) =0 for 1 <i<n. SetN = {e},e2,---,e,} and H = G — N. Then H has no fractional
(g, f)-factor with the property E(1,0). In view of Theorem 5, there exists a subset X of V(H) such that

W(X,Y)=f(X)+dyx(Y)—g(Y) <e(X,Y)—-1, (1)

where Y ={y:ye V(H)\X,dy_x(y) <g(y)}.
Claim 1. Y #0.
Proof. If Y = 0, then by (1) we obtain

eX,Y) =12 m(X,Y) = f(X) = (a+A)[X| = 2[X| = [X] > e(X,Y),

which is a contradiction. O
Claim 2. dy_x(Y) > dg—x(Y) —min{2n,|Y|}.

Proof. LetD=V(G)\(XUY)and Eg(Y)={e:e=uv € E(G),u,v €Y}. Since N = {ej,ez,--- ,e,} is a set
of independent edges of G, we easily obtain

2INNEG(Y)|+ |NNEg(Y,D)| < min{2n,|Y|}. (2)
It follows from (2) and H = G — N that

dp—x(Y) = dg-n—x(Y)
= dg-x(Y) = (2INNEG(Y)|+|NNEG(Y,D)|)
> dg-x(Y)—min{2n,|Y|}.

The proof of Claim 2 is finished. u
Claim 3. |Y|>b+3.
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Proof. Since Y # 0 (by Claim 1), we may define
d=min{dg_x(u):uct},

and choose u; € Y with dg_x(u;) =d. Clearly, 0 <d <b—A+1by H=G—N and the definition of Y.
Moreover, we have
|X’ +d= ’X‘ —i—dc_x(u]) > dG(ul) > S(G),
that is,
(b—21)(b+2)
X|>6(G)—d>—2—21+1—d. 3
X2 8(G)—a > 3
Let |Y| < b+ 2. We shall consider two cases by the value of d.
Casel. d=0.
In light of (1), (3),2 <a<b—A and £(X,Y) < 2, we obtain

EX.Y) =1 > (X,¥) = (X)+dy x(Y) - g(¥)
fX)—g(Y) > (a+A)[X]—(b—A)|Y]
(a+l)(w+l—d) (=) (b+2)
a+A>a>2>¢e(X)Y),

AV

v

\

which is a contradiction.
Case2. 1<d<b—A-+1.

It follows from (3), Claim 2,2 <a<b—-Aand 1 <d <b— A +1 that

f(X)+dg x(Y)—g(Y)
f(X)+dc—x(Y) —min{2n, |Y|} — g(¥)
JX)+de-—x(Y)—[Y|—g(Y)
A)X[+d[Y[- Y| = (b—-A)Y|
MX|—=(b—A—d+1)|Y]
(b—21)(b+2)
)< at+A—1
= d-1)(b+2—a—2)+

ala+A+2) -
at+A—1

YH(XaY)

AVAR VARV

a
a

+ +

(
(
(a+

A\

+1—d)—(b—/1—d+1)(b+2)

(b—A)(b+2) S b—21)(b+2)
at+A—-1 — a+A-1

a>2>¢e(X,Y),

which contradicts (1). Hence, we have |Y| > b+ 3. Claim 3 is proved. O
Claim4. dg-x(u) <b—A+1<b+1foranyucy.
Proof. In view of the definitions of Y and N, H = G — N, we have
do-x(u) =dyn—x(u) <dg x(u)+1<gu)+1<b—-A+1<b+1
foranyucyY. O

Claim 5. 1< |x| < L2t
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Proof. If X = 0, then it follows from (1), 2 < a < b — A and Claims 2-3 that

EXF)=1 > W)= f(X) +dax(Y) —g(V)
> (X)+dgox(¥) ~min{2n.[Y[} ~(?)
> () +dox(¥) - Y|~ g(Y)
— dolY)~ Y|~ (V) = S(G)I¥| - |¥| - (b DY
= 6@ -e-arnz (D sy
> <(b_j)+(i+_/ll+2)+1—<b—/1+1>)!Y\
C3(b-a) 3(b—1)
= R T
> 3=A) a3 > 3(—1) > 2> e(X, ),

a+A—1
which is a contradiction. Therefore, |X| > 1.

On the other hand, by (1), €(X,Y) <2 and |X|+|Y| < p, we have

1 > eX)Y)—1>wmX,Y)=f(X)+du-x(¥)—g{¥)
> f(X)—g(Y)=(a+A)X[-(b-A)[Y|

> (a+A)X[=(—-2)(p—IX])

(a

+b)[X[=(b—=2A)p,

which implies

Xl < . a):?IIT_I
Hence, we obtain that 1 < |[X]| < (b;ﬁ)gﬂ |
Claim6. (b—A)|Y| > (a+A)|X|—-1.
Proof. Interms of (1) and £(X,Y) < 2, we get
I > eX,)Y)-12mwX,Y)=f(X)+dyx(Y)—g(Y)
> fX)=g(Y) = (a+A)[X]=(b-A)|Y],
that is,
b-=M)|Y| > (a+A)X|-1.
Claim 6 is verified. O

Claim 7. |X| < L2202 (7 41).

Proof. Assume that [X| > C=2P22 (3 4 1), thatis, (b—A)p— (a+b)|X| < (a+b)(b—A+1)—2.

According to (1), €(X,Y) < 2, Claim 2 and |X|+|Y| < p, we have

de_x(Y) dy_x(Y)+min{2n,|Y|}
g¥)—fX)+e(X,Y)—1+2n
b—=A)|Y|—(a+A)X|+1+2n
b= (p—|X|)—(a+A)|X|+2n+1
(b—A)p—(a+b)|X|+2n+1
(

a+b)(b—A+1)+2n—1.

(VAN VAN VAN VAN

IN
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Combining this with Claim 6 and p > (a+b)((“+12ia_}l+l)+2"_l) + (“+b)(Z:i+l)_2 + @ f;[’j_ 77 We obtain

dG_X(Y) < (a+b)(b—l+1)+2n—1
b-1)Y| — (a+A)X|—1
(a+Db)(b—A+1)+2n—1

<
(a+n)- A2 () (b—A+1)—1
< 1 (1_ 1 )
- b—A a+MA/’
which implies
1 1
d_Y<(1—7)Y:Y—7Y. 4
ox(¥) < (1= — ) Y| = Y| = — Y| )
It follows from (4), 2 < a < b— A and Claim 3 that
1 b+3
dex(Y)<Y|———=Y|<|Y|———<|Y|-1. 5
6-x(¥) Y| = —— Y| < |Y|= = < Y] (5)

Set Yo ={y €Y :dg_x(y) =0}. It is easy to see that |Yp| > 2 holds by (5). For any y € Yy, dg(y) < |X| <

% by Claim 5. Note that ¥; is an independent set of G. Combining this with the assumption of Theorem

4, the neighborhoods of the vertices in Yj are disjoint. Therefore, we obtain

b—A)(b+2
X1 2 [Uen No)] = 8@ = (LoHEED )y, ©
at+A—1
On the other hand, it follows from (4) that
(1= )Y 2 dox(¥) = Y|~ |1y
Cl+)., — UG-X = 0l
which implies
1
Yo| > ——1Y|. 7
%ol > — I 7
In light of (6), (7), 2 < a < b— A and Claim 1, we have
b—A)(b+2)
WXl 2 @ (CEACED |y
@+ > (a2 (T T2 ) W

(LB )
(b= 2)I¥|+1Y| = (b= A)I¥|+1,

V

which contradicts Claim 6. Hence, Claim 7 holds. O
Claim 8. eg(X,Y) < (b—A+2)|X|.

Proof. Since |Y| > b+3 by Claim 3 and dg_x(u) <b—A+1 < b+ 1 forevery u € Y by Claim 4, there exist
at least two independent vertices u,v € Y. Moreover, it follows from Claims 4 and 7 that

max{dg(u),dg(v)} < max{dg_x(u)+|X|,dc-x(v)+|X|}

b—A 2
< (b—A+1)+X] <(b—7t+1)+(a+)‘z+—(b—k+1)
(b= A)p+2
N a+b

for any two vertices u,v € Y. In terms of the above inequalities and the hypothesis of Theorem 4, G[Ng(x) NY]
is complete for every x € X. Note that X # @ by Claim 5. Combining this with Claim 4, we have eg(x,Y) <
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A(G[Y])+ 1 <b— A +2. Therefore, eg(X,Y) < (b—A +2)|X| holds. O
Note that £(X,Y) < |X]. It follows from (1), Claims 2, 5, 6, 8 and 6(G) > (J&% + 1 that
eX,Y)—=1 = yw(X,Y)=f(X)+dnx(Y)—g(Y)
> f(X)+de-x(Y)—min{2n,[Y]} —g(¥)
> f(X)+de-x(Y)—[Y|—g(Y)
> (a+A)X|+dex(Y)—[Y]—(b—A)[Y]

(

(a+2A)|X|+d(Y) —ec(X,Y) — (b— A+ 1)]Y|
(@+A)X|+8(G)|Y|—(b—A+2)|X| - (b—A+1)]Y]
(

(

>
= (a—Db+2A-2)|X|+ (6 ( )f(bfl+1))\Y|
b 2)
> (a—b4+2A— 2|X\+( - +1—(b—7t+1))|Y]
b 2
= @b+ -2+ (-5 il 1)b A)Y]
b—|—2
> b-+2 2)|1X 1 )X —1
> (a—b+21 - |\+(+/1_1 )((@+2)/x| 1)
b+2
> (a—b+2/1—2)|x\+( il 1) (a+2A—1)X]
= (/1+1)!X\Z\XIZS(X,Y),
which is a contradiction. Theorem 4 is verified. d
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