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Abstract. This study examines the combined effects of magnetic field, viscous dissipation and Joule
heating on inherent irreversibility in an unsteady stagnation point flow of a conducting Cu-water
nanofluid towards a convectively heated stretching and vertically moving slippery sheet. Based on some
realistic assumptions, the nonlinear differential equations governing the single phase nanofluid flow
model problem is obtained and numerically tackled via shooting technique coupled with the Runge-
Kutta-Fehlberg integration scheme. Pertinent results depicting the effects of various emerging
parameters on the nanofluid velocity and temperature profiles together with the skin friction, Nusselt
number, entropy generation rate and Bejan number are graphically displayed and quantitatively
discussed. It was found that the total entropy generation rate escalates with a rise in the nanofluid
volume fraction, sheet surface convective heating, magnetic field and sheet vertical motion while an
upsurge in the surface slipperiness lessens it.
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1. INTRODUCTION

Recent advancement in nanotechnology coupled with the challenging problem of thermal management
in industrial and engineering systems warrant the need for an ultra-heat transfer fluid with significantly higher
thermal conductivity. The concept and development of nanofluids pioneered by Choi [1] are directly related
to uptrends in the miniaturization of nanotechnology due to its improved thermal conductivity. To investigate
the heat transfer enhancement capability of nanofluids, precise values of physical and thermal properties are
required such as specific heat capacity, viscosity, density, electrical conductivity, and thermal conductivity
[2-4]. Theoretical and experimental studies on nanofluids convection with heat transfer enhancement
characteristics have received attention from several authors [5—8]. Moreover, the interaction between electrical
conducting nanofluid and the magnetic field known as magnetohydrodynamic (MHD) has also received great
consideration among researchers due to its importance and many practical applications in manufacturing and
chemical processes industries [9-14]. Annar et al. [15] conducted a study on MHD flow past a nonlinear
stretching/shrinking sheet in carbon nanotubes. They reported the existence of dual solutions in the case of
shrinking sheet and perform a stability analysis in order to determine the realistic solution to the problem.
Later, Tadesse et al. [16, 17] studied the problem of hydromagnetic stagnation point flow of a magnetite
ferrofluid past a convective heated permeable stretching/shrinking sheet in a Darcy-Forchheimer porous
medium with or without buoyancy forces. Their results also revealed the existence of dual solutions in the
shrinking sheet regime. Nandi et al. [18] theoretically examined the MHD stagnation point flow of
Fe304/Cu/Ag-CH3OH nanofluid along with a convectively heated stretching sheet with partial slip and
activation energy. Their results revealed the heat transfer enhancement capacity of different nanoparticles
involved. The impact of magnetic dipole on the performance-based of Yamada Ota and Hamilton Crosser
hybrid nanofluid convection past a stretched surface was examined by Gul et al. [19]. Khashi’ie et al. [20]
investigated the influence of magnetic field on thermal boundary layer of an electrically conducting hybrid
nanofluid over a moving plate.
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In the present study, the recent work of Tshivhi and Makinde [21] is extended to include entropy generation
analysis in an unsteady MHD nanofluid convection with heat transfer over a stretching and vertically moving
sheet. According to the authors’ information and reviews, no research has been done on this problem geometry
before and the current work is considered to fill the gap in the literature. In the following sections, relevant
governing equations are obtained and transformed into ordinary differential equations using appropriate
similarity variables. Shooting numerical procedure coupled with the Runge-Kutta-Fehlberg integration scheme
are employed to tackle the model problem. Pertinent results depicting the effects of various emerging parameters
on the velocity, temperature, skin friction, Nusselt number, entropy generation rate and Bejan number are
graphically displayed and discussed. The results revealed that the upward/downward motion of a stretching sheet
can be significant with regard to the flow structure, heat transfer and entropy generation features.

2. MODEL PROBLEM

y
1 u = U.,(x), v=0, T=T.
Cu-water Nano fluid
v
+» U
J T y =a(t)
— —1|
- i 4
prdu
Yt By
Hot

Fig. 1 — Schematic view of the model.

Consider a two-dimensional unsteady stagnation point flow of a viscous incompressible and electrically
conducting water base nanofluid containing Copper (Cu) nanoparticles, towards a convectively heated and
vertically moving stretching sheet with a slippery surface, as shown in Figure 1. A uniform magnetic field with
strength By is imposed in the positive y-direction. Using the boundary layer approximation, the governing
equations of continuity, momentum, energy and entropy generation rate may be written in the usual notation
as [10-21]
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subject to the boundary conditions,
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where (u,v) represent the velocity components along (x,y) directions in the Cartesian coordinates, t is the
time, U, is the free stream velocity, u,; is the nanofluid dynamic viscosity, p,; is the nanofluid density, o

is the nanofluid electrical conductivity, T is the temperature, k¢ is nanofluid thermal conductivity, (pC ),
is the specific heat capacity of nanofluid, E, is the entropy generation rate, T; is the temperate of the hot fluid

beneath the sheet surface, T, is the free stream temperature, U, is the velocity of stretching surface, f is the
slip length coefficient, k; is the base fluid thermal conductivity, ps is the base fluid dynamic viscosity and h;

is the heat coefficient. The following similarity variables and parameters are introduced into equations (1)—(5):
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with the boundary conditions given as,

F(0)=0, F'(0)=A+LF"(0), 6'(0)=-Bi(1-6(0)),
10
0(c) =0, F'(e0) =1, o

where the constant Ao, A1, Az, As, A4, As, As, and A7 are defined in equation (6). The physical parameters of
interest influencing the flow system are as follows: S represents the vertical movement of the surface, M is
magnetic field parameter, Pr is the base fluid Prandtl number (Pr=6.2), Ec is the Eckert number, N; is the
entropy generation rate, A is the stretching parameter, L is the surface slip parameter, and Bi is the thermal
Biot number. Other quantities of engineering interest are the skin friction coefficients C; , the Nusselt number



272 Khodani Sherrif TSHIVHI, Oluwole Daniel MAKINDE, Ramotjaki Lucky MONALEDI 4

Nu and the Bejan number Be, given as:
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where the parameters t,, is the sheet surface shear stress, ¢, is the dimensional heat flux at sheet surface,
Re, is the local Reynolds number, ¢ is the nanofluid volume fraction, N; represents heat transfer
irreversibility while N, is the irreversibility due to fluid friction and magnetic field.

Cs

Table 1
The relationship between nanoparticle and basefluids [10, 16, 18, 21]

Properties Nanofluid
Density Put = 1L=0)p; +0p
Heat Capacity (PCp)ar = A=) (PCy) ¢ +0(pCy)s
Viscosity Ly
Thermal Conductivity Ke (Ko +2K ) =20 (k; —k)

Ke (Ko + 2K )+ (ke —k)

Electrical Conductivity o
3 == —11¢
c c
LA !
SFi G
Table 2
Nanoparticles and base fluid thermophysical properties [10, 16]
Physical Properties kg J w S
Pl—3 Col v kKl —¢ °\m
m kg K m K m
H.O 997.1 4179 0.613 5.5x10°
Cu 8933 385 401 59.6x10°

3. NUMERICAL PROCEDURE

Here we employed shooting technique together with the Runge-Kutta-Fehlberg integration scheme in
order to solve the model equations (7)—(10). The procedure involves transforming the model boundary value
problem into a system of initial value problem. Let
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Equations (7)—(10) then become
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with the initial conditions,
%(0)=0, x(0)=A+Lx(0), %(0)=a, x,(0)=a, x5(0)= Bi(az _1)- (14

The unknown values of a, and a, are first guessed and subsequently obtained via shooting numerical

procedure using Newton Raphson root finding method. Thereafter, the system of first order ODEs is then
numerically solved by applying Runge-Kutta-Fehlberg integration scheme [22].

4. RESULTS AND DISCUSSION

This section deals with the physical interpretations of the pertinent results obtained from the numerical
computations. In order to validate the accuracy of our numerical results, we compare a special case of our
results when M=S=¢=L=0 with those reported by [2, 14, 21] as reflected in table 1, and a favorable agreement
is achieved.

Table 3
Computations showing comparison for stretching surface with M=S=¢=L=0

A Ref. [14] Ref. [2] Ref. [21] Present results
JRe,C¢ JRe,C; ./ReXCf JRe,C;

0 1.232588 1.232588 1.232588 1.23258766
0.1 1.14656 1.146561 1.146561 1.14656100
0.2 1.05133 - 1.051130 1.05112999
05 0.71330 0.713295 0.713295 0.71329496
0.8 - 0.306095 0.306095 0.30609476

1 0 0 0 0

2 -1.88731 —1.887307 —1.887307 —1.88730667
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Fig. 2 — The impact of S and M on the velocity profile of Fig. 3 — The impact of ¢ and L on the velocity profile of

Cu-water nanofluid flow. Cu-water nanofluid flow.
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The effects of emerging parameters on the Cu-water nanofluid velocity profiles are displayed in Figs. 2
and 3. Generally, the velocity profiles increase from the sheet surface and attained its maximum free stream
value. Meanwhile, a reduction in the velocity boundary layer thickness is observed in both Figs. 2 and 3 with
an increase in value of S (vertical movement of the surface), M (magnetic field), ¢ (nanoparticle volume
fraction) and L (surface slipperiness). It is noteworthy that a decrease in velocity boundary layer thickness will
enhance the interaction between Cu-water nanofluid and the heated surface leading an elevation in heat transfer
rate.
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Fig. 4 — The impact of Ec and Bi on the temperature profile of Fig. 5 — The impact of S and M on the temperature profile of
Cu-water nanofluid flow. Cu-water nanofluid flow.

From the temperature profiles as shown in Figs. 4-6, it is observed in general that the Cu-water nanofluid
temperature is maximum at the sheet surface due convective heating and decreases gradually towards the free
stream temperature far away from the surface. Figures 4—6 revealed that both the sheet surface temperature
and Cu-water thermal boundary layer thickness upsurge with a rise in the values of Ec (Eckert number),
Bi (Biot number), S (vertical movement of the surface), M (magnetic field), and ¢ (nanoparticle volume
fraction). The elevation in the Cu-water temperature within the boundary layer region can be attributed to the
combined effects of convective heating of the sheet surface due to hot fluid underneath, viscous dissipation,
Joule heating due to magnetic field and nanoparticles thermal conductivity, hence, the thermal boundary layer
thickness is enhanced. Moreover, an increase in value of L (surface slipperiness) lessens the nanofluid
temperature, consequently, the thermal boundary layer thickness diminished.
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Fig. 6 — The impact of ¢ and L on the temperature profile Fig. 7 — The impact of ¢, M and S on the skin friction
of Cu-water nanofluid flow. between Cu-water nanofluid flow and the heated surface.

The effects of various thermophysical parameters on the sheet surface skin friction are depicted in Fig. 7.
Interestingly, the skin friction escalates with a rise in the parameter value of ¢ (nanoparticle volume fraction),
M (magnetic field), and S (vertical movement of the surface). This can be attributed to an elevation in the
velocity gradient at the sheet surface as the values of these parameters increase.
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Fig. 8 — The impact of ¢, M and S on the Nusselt number Fig. 9 — The impact of Ec, Bi and L on the
of Cu-water nanofluid flow. Nusselt number of Cu-water nanofluid flow.

Figures 8 and 9 depict the parameters variation effects on the Nusselt number. This represents the heat
transfer rate at the convectively heated sheet surface. The heat flux at the sheet surface increases with an
elevation in value of ¢ (nanoparticle volume fraction), Bi (Biot number) and L (surface slipperiness), while a
rise in the value of M (magnetic field), S (vertical movement of the surface) and Ec (Eckert number) lessens
the Nusselt number. This may be attributed to an increase or decrease in the temperature gradient at the sheet
surface as these parameters value varies.

Figures 1012 shows the total irreversibility due to heat transfer together with the fluid friction and
magnetic field known as entropy generation rate. In general, the entropy generation is maximum at the sheet
surface and decreases gradual to zero value outside the boundary layer region at the free stream. The heighten
in entropy generation at the sheet surface may be due to the combined effects of heat transfer and nanofluid
friction with magnetic field irreversibility. An increase in values of ¢ (nanoparticle volume fraction),
Ec (Eckert number), Bi (Biot number), S (vertical movement of the surface) and M (magnetic field) boost the
entropy generation rate within the boundary layer. On contrary, the entropy generation diminished with a rise
in value of L (surface slipperiness).
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Fig. 10 — The impact of ¢ and L on the entropy generation Fig. 11 — The impact of Ec and Bi on the entropy generation
produced by Cu-water nanofluid flow. produced by Cu-water nanofluid flow.

Generally speaking, the Bejan number value ranges from 0 to 1. The Bejan number less than 0.5 implies
the nanofluid fluid friction and magnetic field irreversibility dominate the entropy generation, while the Bejan
number greater than 0.5 implies the domination of heat transfer irreversibility. Figures 13—15 revealed that the
Bejan number attained its maximum value within the boundary layer region and its lowest zero value at the
free stream. It is interesting to note that the values of the Bejan number is less than 0.5 in general. Consequently,
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fluid friction with magnetic field irreversibility dominate the entropy generation in the entire flow regime.
Meanwhile, an increase in the parameter values of S (vertical movement of the surface), M (magnetic field),
L (surface slipperiness), ¢ (nanoparticle volume fraction, Ec (Eckert number) and Bi (Biot number) enhanced
the Bejan number within the boundary layer, thus, augment the contribution of heat transfer irreversibility to
entropy generation.
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Fig. 12 — The impact of S and M on the entropy generation Fig. 13 — The impact of S and M on the Bejan number.
produced by Cu-water nanofluid flow.
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Fig. 14 — The impact of ¢ and L on the Bejan number. Fig. 15 — The impact of S and M on the Bejan number.

5. CONCLUSION

A theoretical study was conducted on the unsteady MHD Cu-water nanofluid convection and heat
transfer with entropy generation over an upward and downward moving stretchable slippery surface. The
model problem was numerically tackled via the shooting method with Runge-Kutta-Fehlberg integration
scheme. The main findings can be summarized as follows:

¢ The velocity boundary layer thickness lessened with an increase in the value of S, M, ¢ and L.

e The thermal boundary layer thickness amplified with an upsurge in value of Ec, Bi, S, M, and ¢. An

increase in the value of L lessened the thermal boundary layer thickness.

e The skin friction at the sheet surface escalates with a rise in the value of ¢, M, and S.

e The Nusselt number is enhanced with a rise in the value of ¢, Bi, and L. An increase in value of M, S

and Ec diminished the Nusselt number.

e The entropy generation within the boundary layer escalates with an increase in the value of ¢, Ec, Bi,

S and M but decreases with increase in the value of L.
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¢ The Bejan number escalates with an increase in value of S, M, L, ¢, Ec and Bi.

Finally, it is noteworthy that the heat transfer enhancement capability and entropy generation minimization in
a conducting nanofluid convection in the presence of magnetic field can be achieved by optimally regulating
the values of various embedded parameters. This will innovatively boost the coolant effectiveness in various
engineering and industrial applications.
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