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Abstract. We study the Dirichlet problem of a singular k-Hessian equation with an eigenvalue parameter 1. We
prove that the problem has at least one nontrivial radial solution for each A in an explicit eigenvalue interval.
Some results in the literature are generalized and improved.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the following eigenvalue problem of the k-Hessian equation

Se(D2u) = Af (x|, ~u) inQ,

1
u=20 on dQ, M

where Q = {x € R": |x| < 1}, A is a positive parameter, f : [0,1] x [0,1) — [0,+e0) is a continuous function
and

lim f(r,v) = +oo, uniformly for r € [0,1]. )
v—1-
For k € {1,2,---,n}, Sy(D*u) is the k-Hessian operator, which denotes the k-th elementary symmetric function
of the eigenvalues for D?u, i.e.,

1<ij<--<ixr<n

where A = (41,42, ,A,) is the eigenvalues of the Hessian matrix D’u.

The k-Hessian equations arise from fluid mechanics, geometric problems and other applied subjects. For
instance, when k = n, the k-Hessian equations can describe the Weingarten curvature and the reflector shape
design. Recently, the radial solutions for the Dirichlet problems of the k-Hessian equations have been discussed
by many scholars, and some excellent results have been obtained. See [3H7,12-20]] and the references therein.
For example, in [18]], the existence and uniqueness of nontrivial radial solutions to the following k-Hessian
problem

Sy(D*u) = Af(—u) inQ,
u=20 on dQ,
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has been studied by the fixed point index in a cone, where the author assumed that A is a large parameter, f
is a continuous function and may have k-superlinear growth at 0. Later, in [19], the same author continued to
consider the following k-Hessian problem
Si(D%u) = 2H(lx|)f(—u) in, 5
u=0 on dQ,

where f is a continuous function and may be singular at 0 with possible k-superlinear growth at co. She proved
that there exists an interval S C (0,+o0), such that the problem (3) has at least two nontrivial radial solutions
for any A € S. Recently, Zhang, Xu and Wu in [20] considered the following eigenvalue problem of k-Hessian
equation

—1)ASE (D) = Af(jx|,u) inQ, )
u=0 on dQ,

where k <n <2k and f: C(B; x R/{0} — (0,+e0)) has a singularity at u = 0. By constructing the upper and
lower solutions and using the Schauder’s fixed point theorem, they proved that there exist two positive constants
A1 < A* such that the problem (@) has at least one radial solution for any A € (4;,1%).

Notice that the eigenvalue intervals obtained in the above references are not explicit intervals. Motivated
by this, in this paper, we continue to study the eigenvalue problem of k-Hessian problem (I)). The main result
of this paper is the following theorem.

THEOREM 1. Assume that (2) holds and there exists a continuous function h : [0,1] — [0,0) such that

f(;,{v) = h(r), uniformly for r€|0,1]. (5)

lim sup
v—0+

Then the problem (1)) has at least one nontrivial radial solution for every A € E, where

ko, k—1
=
(07 +°°)7 ifh*=0
and h* = max h(r).
rel0,1]

Significantly, the eigenvalue interval we obtain is an explicit interval and the nonlinear term we deal with
is more general than those in some known results, because the nonlinear term f includes not only the case of
k-superlinear at v = 0 (h(r) = 0) but also some other interesting situations (h* > 0). Moreover, the nonlinear
term has a singularity at v = 1.

The proof of Theorem [I] will be presented in Section 2. In Section 3, we give an example to illustrate our
result.

2. PROOF OF THEOREM(I]

In this section, we will give the proof of Theorem[I|by the following fixed point theorem in cones.

LEMMA 1 [9]. Let K be a cone in the Banach space X. Suppose that A and B are open bounded subsets
of X with Ax C Bk, Ag # 0, where Ax = ANK and Bx = BNK. Let T : Bx — K be a completely continuous
operator such that

(Hy) ||Tv|| < ||v|| for v € dxA = (JA)NK,
(Hy) there exists 0 € K\ {0} such that v # Tv+ Y6 forv € dxkB = (dB)NK and y > 0.

Then T has at least one fixed point in By \ Ag.
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Such method was used in [[1,[2,/11]] to study the periodic problem of differential equations. The proof of
Theorem [T will be divided into a sequence of lemmas.

Let u(x) = —v(r), where r = |x|, then the problem (T)) is transformed to the problem

{c’;—}w—k(—v')k)'=kr"—%f<r,v>, re0.1). ©

V(0)=0, v(1)=

e

Let X = C[0, 1] with the norm ||v|| = sup |v(r)|. Define K to be a cone in X by
ref0,1]

K={veX:v(r)>0, re[0,1] and min v(r)>o|v||},

refo,1-o]
where 0 is a positive constant with 0 < ¢ < % Define

B'={veX:|v|<a}, Q={veX: min v(r) < ob}.

relo,1-o]
Since the sets QP are unbounded for each b > 0, we can not use Lemmato QP. However, we will be able
to apply Lemmal[I] taking into account that for each ¢ > b, the following relations hold:
LEMMA 2. Q% = (QYNB)x and Qbg = (QPNB°).

Proof. According to [8, Lemma 2.4] or [[10, Lemma 2.5], we have the following properties

(p1) Q% and Bl,’< are open relative to K;  (p2) B}éb - Ql,} C BY:
(p3) v € QP ifand only if min v(r) = ob;

relo,1-o]
(ps) if v € IxQP, then b > v(r) > ob, r € [0,1—0].
By (p2), the first equality can be obtained directly. Now we prove that the second equality holds. On the

one hand, notice that (Q? N B¢)gx C QPk. On the other hand, by (p3), for any v € QPg, we have the following
inequality

o|lv| < min v(r) <ob< oc,
refo,1-o]

which means that v € (QP N B°)x C (QPNB¢)k. Thus QPx C (QF N B°)k. Taken together, we get the second
equality. O

Define
Yok a1 3 b
) = [ (Gt [ As(s.v(s)s) ar, ve @y, refo.1,
r n—1

where 0 < b < 1. Notice that the fixed point v € Qb of T corresponds to a positive solution v of the problem
(6.

LEMMA 3.7 :Qbx > K isa completely continuous operator.
Proof. Forany v € @K, similar to [6, Lemma 2.2], we can verify that

(Tv)(r) >0, (Tv)'(r) <0, (Tv)'(r) <0, min Tv(r)>o|Tv|,

relo,1-o]

which implies that T(@K) C K. Moreover, similar to the analysis in the proof of [7, Theorem 1], we can prove
that T is a completely continuous operator. O
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LEMMA 4. There exist positive constants a and b with 0 < a < ob < b < 1 such that

(Cy) ITv|| < ||vl|, for v € dxB%;
(Cy) there exists 8 € K\ {0} such that v # Tv+ Y8, for v € ogQ> and y > 0;
(C3) Big C Qb.

Proof. By (9)), for every A € E, we get that there exists a constant a with 0 < a < ¢ < 1 such that

2kpch-l
< n=1

Af(r,v) < Ah(rpvk < k"_l vk, for (r,v) €[0,1] x [0,4].

Then, for any v € dxB“, we have
1

Tl = sup 1<Cf1tk_" /Ots"_llf(s,v(s))ds)idt: /0 1<ktk_” /0 ts”_llf(s,v(s))dsYdt

k—1
re(0,1]/r n—1 Cn—l

Lok r o 2knCi }
SA (Ftkin/o SnilTnilvde)kdt
n—1

1 k f 2knckflak 1 1
Lty [ [
0 Cnfl 0 k 0

that is, (C;) is established.
Let 0 =1 € K\ {0}, we claim that

v£Tv+y, YvedgQl and y>0.

By contradiction, assume that there exist vy € ok QP and Y > 0 such that vop = Tvg + Y. It follows from the
property (ps) that vy satisfies

ob=o||wl| <vo(r) <b, relo,1-o].
By (), for every A € E, we get that there exists a positive constant b € (5, 1) such that

2k Ck—l
A () = ]

k
mv , forall (r,v) € [0,1] x [oD,b].

Then, for any r € [0, 1 — o], it can be known that

vo(r) = Tvo(r) + %
1 ; L
:/r <k_1tk"/0 s"fllf(s,vo(s))ds>kdz+y0

1

>/1 (ktk_”/ts”_llf(s vo(s))ds) dr+79
~ Ji—e \C| 0 ’

1 k t 2knck—lvk %
> tk—n/ n—1 n—1"0 d ) dr
- /10—<C"_1 0’ k(2o — o?)k g T

1 k t anck—lbk %
> (—tk_” Lls"*ds) dr +
—/H; ckl 0 k(2—o)* o

=

1

2b
= tdr =ob > ob,
' e2_0 +% +%

which contradicts (p3). Thus, (C;) is satisfied.
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According to the property (p»), we have
Bix C B c 9,
that is, (C3) holds. O

Finally, based on the above analysis and Lemma |1, we get that 7 has at least one positive fixed point
v € Qg \ B%, which satisfies

ocb> min v(r) > o|v| > oa,
relo,1-o]

that is, the problem (6] has at least one positive solution v satisfying

b>|v|>a and cb> min v(r) > oa.
re(o,1—-o]

The proof of Theorem [I]is finished.

3. EXAMPLE

In this section, we present an example to illustrate our main result.
Example 1. Consider the following Dirichlet problem

2 (>
{Sk(D u) = Aa(x) {5 inQ, -

u=0 on dQ,
where Q = {x € R" : |x| < 1}, A is a positive parameter, p and ¢ are positive constants, and a : [0, 1] — [0, ) is
a continuous function.

COROLLARY 1. The problem ([7) has at least one nontrivial radial solution for every A € E, where

2nCy—| .
o [0, 2=k
(0,4),  if2p>k,

where a* = max a(r) > 0.
ref0,1]

Proof. The problem (7)) can be regarded as a special form of (I)), where

V2P

1—v3a

f(rv) =a(r)

Obviously, we have
lim f(r,v) = +oo, uniformly for r € [0,1],

v—1—

and

lim sup

- uniformly for r € [0,1],
v—0F 4

0 if2p>k
H =nir) = {a(r) ;fZZ:k

which imply that (2) and () are satisfied. Then, Theorem I| guarantees that the results in Corollary[I|hold. [J
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